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[Tuu|




[/ B3, /N7 BFE, —RIES v 2o > ICT B35 —A
S ASEY (CHEERIRTE  HEmEVAFIR, nﬂjﬁﬁﬁ%:’ﬁi'l‘%ﬁﬁ U/R= KUJ,2015. 1 &D,
EH oz R EEFIE.

Tan e

IR /M8, B 15]
BRFORES v > 0> (CIIEEESN (CEEXIRFHNF1E I B.

FEEE2 [/\R, INEF 157

BEFORE= v > > W EBENZR TR,
Nashig g (d—i=.

sl AR D55 = Alla6k

« 2 ANTOHT — LD NashDEkEg (3
wRAZET B [ =8 0D sralE 7

o ARAZETIEIDINMIELR (55T DEIEER)
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v > DiRENashZz skeb D iRz et liE

[/IVin 53, /NBF EBFE, —RES v 2o 29I 5 —A

HRAZETH P
max. 7z

al-jxl- —z20 ] = 1,2, ., N,

HESmAOERIR, UMK
EHo % SEEER.

HRAZETIE P (1THHETR)
max. 7
st. (AT-1(])=0
1"x=1
x=0

FEMIFHRIMNZ KU, 2015. | KD,

Recall
A: F15175)

1 iwinsj
a;j={—1 jwinsi

0 i=j

2ANEOMT —LDHE

Cf. [Matousek & Gartner, Understanding and Using LP]



[/I\RR SB35, /NEY FEBE, —RES v > > (CxT D5 — A
HEAR AN (CHREK/ TR EEREUERIR, SUMNAKRZFEFEMIBIR U KU, 2015. 1 KD,
] — EBRIEIEEIER.

Lmz

IR /M8, B 15]
BRFORES v > 0> (CIIEEESN (CEEXIRFHNF1E I B.

I [, VB 157
BEFORE= v > > W EBENZR TR,
Nashif i (d—=.

iR,
AICEREH (CEBLIRFENFE LRV < AICTEENashiIEH\1F1E

fHEE2. @éNashﬁﬁ@

(PN IEDERIE R x* 235D
S A'x =b (FFEZTED. Flex (IEDFED—D.




. “ . e 55
2 AT OFT — LDjEENashiF E D T
[\ B, /NEF [EFE, — b v > o > (C T B9 —A
HERAERIR, LN ARZEZMIFRUNRS KU, 2015. | KD,

fiiEE1 EHEZ EBEHI=R.
AICSBRICREVSFONEEL L) © AlCTENashi N1
Z

Vie{l,..,n},Ix € Ny, x; >0 dx € Ny, Vi e{1,...,n},x; >0

] 2 SR A3

sl 83 . N, = B ERIEP ORERES @ ATOMNS — A
(C)BB. . omEmEa= v)mxe M,y e N, =2 e
(=)

e Fi(CH I BFHEDREE XD = (xf), ...,x,gi))ct3_5.

HRAZETIE R D
RIEAFESDOE

n (D) .
o = ERTNe YR e N, X > 0BT

> DFED, xPen, x> o.

l



WIRT — LADEE(Z5)

AI

-1 X1 0
( A 1>,x = (xsn),b = <0> [ TEE]
1 - 1 0 Z 1 A’ (FEXTHR

fiHREED. > DEDAT = -4

|.I.IJP

R ETEIRIRE(P) DN IEDTHIE X > 071D
S Ax=b3EEEZED. Flex TFOEED—D.

Recall: #RAZETH P (1THIHZZK)

max. 72
T _ x
s.t. (AT, 1)(2) >0
1"x =1

x =0




ST — LADEE(Z D)
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-1 X1 0
o= A a=()e=(}] [HETEE
1 -« 1 0 7 1 A’ (FEXIFR
#EEED. > DFEDAT = -A

R ETEIRIRE(P) DN IEDTHIE X > 071D
S Ax=b3EEEZED. Flex TFOEED—D.

sILHH CRENIR ALEIEEE
(P)max. b'x s.t. x> b,x>0 T (RHTEEEELEHNNTS. )

(D’)min. bTy s.t. A'Ty<b,y=>0
x5,y mEEfE 9D, BT LIDbTx = bTy*,
SR EIRDIIAZ /R ED &,

— T2 | Ak T oy A T * w T
0=b"x"—bTy" 2 (A"y") x" ~y"'b BERS Yo%
=y Ax) -y b=y (Ax -b)20

DFED, y'Ux*—b)=0. UIENRDT, y* > 025(F4'x* = b.
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EIE1DEIEEE

EH1
BEFORES v >0 2 ([CIIEBRIEN (CRIBFNFEI D.
-1 X1 0\ |[HRTEE]
s ( AT 51>,x _ (xf >,b _ <0> | A'(FEXIR _
ﬂ 1 - 1 0 Zn 1 oAt ==

O #1205, A'x = bh\FZEIERVWC &2 RmBE 5.
o AIEFT x F TV DEXFR = A(FIEIER! (rank(4) < n + 1).
v (detA’ = detAd'" = det(—=4)KD)
« —AT, AITEWRHRTIEFAMNIEEZONS, rank(4) = nHURB.
e UENDT, AEDDEEREZEZRDE, rank(4,b) =n + 1.
o DZFEDrank(4',b) # rank(4) = [A'x = b(FFEZTEIZ/RLN] .

8 [McCarthy&Benjamin 96]
m X miTHIM b— X > hDIESATH (==X, IEADIELO) T &,

*
rank(M) = m miBE Clifford A. McCarthy and Arthur T. Benjamin, Determinants of
1 SN . .
m — mejz the tournaments, Mathematics Magazine, 133—135, 1996.
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TFEIE2DEIFRH

ERE2
BEFOIRE= v > > W EBENZRBY TR,
Nashig g (d—=.

1 /m 0 [fECEER]
A,_< A ),,() e
—1 Xn 0 > AIT:_AI
1 - 1 0 z 1
=1t

o AFEWIRTIEHADIELONS, rank(4) =n+ 1HVZB.
« LIENMDT, A'x=blF—ROFEZED.

8 [McCarthy&Benjamin 96]
m X miTHIM b— X > hDIESATH (==X, IEADIELO) T &,

"
rank(M) = m miBEL Clifford A. McCarthy and Arthur T. Benjamin, Determinants of
a 25
m—1 m&aiz the tournaments, Mathematics Magazine, 133—135, 1996.
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BIRRBFOHW\WCZHITE, BINMFEDS v 0N FETD

Bob
= A - B
ke B = A -
< -- B - A
A = B —

o KJ

https://ja.wikipedia.org/wiki/ULNLRITRY >



AFEROPE

o SV ITIIIBRNRENCEEDIT —LDEFTILTCTHD,
—hH. EEHRICHWT, BIEIFEL(ICUTHERNTH D,
AT TIIBBDERN (CEEX DT —LADFRIINEETILE
LTC. JEMBNYI0OCDOVTERI Do
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Efron’s dice

A= (0,0,4,4,4,4)
B=(3,3,3,3,3,3)
C=(2,2,2,2,6,6)
D=(1,1,1,5,5,5)

63

die |
A B C D
4 3 2 1
4 141010 3 313 616|212 5 5 | 5
4 3 2 1

https://mathworld.wolfram.com/EfronsDice.html



64
roms dice wim 303333 |3 [s/c 222266
A= (0,0,4,4,4,4) Ell
B=(3,3,3,3,3,3) m-
C=(2,2,2,2,6,6)
D=(1,1,1,5,5,5)

A>B>C>D > A

= JEHBN T (intransitive dice) —

2
PriXc > Xpl =3 PriXp > X,] = 5




5

6
rons dice w222 2 6o QRS0 1011555
A= (0,0,4,4,4,4) 3
B=(3,3,3,3,3,3) m
C=(2,2,2,2,6,6)
D=(1,1,1,5,5,5)




Efron’s diceDNashiS 1k g

VOL. 74, NO. 3, JUNE 20

01

215

TSN

C. Rump, Strategies for rolling the Efron dice, Mathematics Magazine,

74 (3): 212 - 216, 2001.

]
3 *

~
D= —

Figure 2 Optimal strategy solutions

66



SEHERSE S 1O DNashi i X

Eim, RIEFE, W DHDOIEERIN I IO 0B SHES,
51780 77)L T YU X LAHES (ALL77IRES), A> 51>,
SF26E5H9H.

v (EEO3MEFBDOIFHEFER B DO DNashiZ EikES (3 ?
- —2([CKFED.

v EEOMERROIEHEREN Y 7 OO (X2 ESE) (CHRELIR Y
A 10Z=5THW?

= Z0KE, SFRVEEHD.

FEUT T DS EDRRE.



BWEE(HMETHEERR=ND.
LS

Irving KaplanskyDTEIE (1945, 1995)

* Irving Kaplansky, A contribution to von Neumann's theory of games,
Annals of Mathematics, Second Series, Vol. 46, No. 3 (Jul., 1945), pp.
474-479.

* Irving Kaplansky, A contribution to von Neumann's theory of games. |,
Linear Algebra and its Applications, Vol. 226—-228 (Sep.-Oct. 1995), pp.
371-373.



|. Kaplansky, A contribution to von Neumann's theory of games, Annals of
Mathematics, Second Series, Vol. 46, No. 3 (Jul., 1945), pp. 474-479.

LV | Uk
Here v'(G) = 0 unless the v'(G;) have the same sign, in which case

11 ] 1
Y@ =@ TG T TGy

(d) Symmetric games. The game G is symmetric if and only if its matrix is
skew-symmetric. Of course v'(G) = 0, so the only interest lies in locating good
strategies. Since the rank of a skew-symmetric matrix is even, we have the
curious fact that an » by n symmetric game can be completely mixed only if n

is odd.
0 ¢ —b
—c 0 a
b —a 0

Forn = 3, the game
is completely mixed if and only if a, b, ¢ are different from zero and have the same
sign. The unique good strategy is then (a/(a + b + ¢), b/(a + b + o),
¢/(a+ b+ c)). (Thisis a sort of generalization of “Stone, Paper and Scissors”’).*
The symmetric game || a:; || of order 5 is completely mixed if and only if the
five expressions
Qoslizs — Ogslas + Q4503
— Q15034 + A35014 — G403
Q1elzs — Ooslis + A4sG12
— Qy5liez + Qo513 — (35012
Q14093 — Q24013 + 34012

have the same sign and the unique good strategy is then proportional to them.

New York City
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DFEIE == X — L 0
Kaplanski®DIEIE GEEEIE) @Rnxn(iﬁiiﬁﬂ'\
gl [Kaplanski 45] .

AlIn x nE=EXFMTINE T D, nhMBED &,
XTI — LAAISTTEIRESNashZ BTN,

3R ([Kaplanski 45] + [/JViA /\EF15; 1))

BEF ORI — A (C (S HBRE (CEEARFNMFE T D.

TEH [Kaplanski 95 (n < 5(319454F)]

Aldn x nE=EXTMTHIE L, nlIHFEET D.
ANFTERRSNashiI@EHEE = D

= ADIBEEHE Dprinciple Pfaffian p; Hix; = (=1)""1p; > 0ZiE/Z T .
NashiJEEE (X—R (CTEEXKD, x* = (x7, ..., x}).

iZ& B DPrinciple Pfaffian:ADi{T &% ZFRUNE
(n — 1) x (n — 1)175A;;DPfaffian(EHEZIZE)
(EXFFMTFIBICH U T, Pf(B)? = det(B)H A% DIZD)



71

Pfaffian

O EF:: 2n X ZnIZES(ﬁ’I\’_@JA (EX] L/_C

2Nl z Slgn(O') naam 102i

OESH

O PfaffianDBRZIRNEE(C
Pf(4)% = det(4)
O PfaffianMsTE=(X0(n3) cf. [Wimmer 2012]
> O ADBEZEICKDdetDETE (T E

Pf(A) =

Wimmer, M. (2012). "Efficient numerical computation of the Pfaffian for
dense and banded skew-symmetric matrices". ACM Trans. Math. Softw. 38:
30. arXiv:1102.3440. doi:10.1145/2331130.2331138. S2CID 15331538.
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SHEH A 0O(E5EL)

[% nontransitive dice Nash]

REY10 e

https://mathworld.wolfram.com/Dice.html

Artem Hulko and Mark Whitmeyer, A game of nontransitive dice,
Mathematics Magazine, 92:5,(2019), 368-373.

Eiﬂ [Hulko, Whitmeyer 19]

2

B IO00FEDHEL, ..., n})DBREL, GTE

Mt e g3, CoEFESEY 0 (1,2, ...,0)(E,
EDOH 4 IOICHEAITRV (5D or BIEZD1T).

L) S OODESEHIEE LT, #ifkNashiBs.
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EEATT

B. De Schuymer, H. De Meyer, B. De Baets, Optimal strategies for equal-sum dice
games, Discrete Applied Mathematics, 154: 2565 - 2576, 2006.

M. Finkelstein, E. O. Thorp, Nontransitive dice with equal means, In Optimal
Play: Mathematical Studies of Games and Gambling (S. N. Ethier and W. R.
Eadington, eds.), Reno: Institute for the Study of Gambling and Commercial
Gaming, 2007.

Alex Schaefer and Jay Schweig, Balanced nontransitive dice, The College
Mathematics Journal, Vol. 48, No. 1 (January 2017), pp. 10-16.

Simon Joyce, Alex Schaefer, Douglas B. West, Thomas Zaslavsky, Strongly
connectable digraphs and non-transitive dice, AKCE Int. J. Graphs Comb. 17:1
(2020), 480-485.

WNAWNARH DB (EE).



AFERDOEE

« HIABONEHOEFFZHEE. U IOEEEEZZE XD,
DY IONFEI DINENZRNRSB ?
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Is There a Strongest Die in a Set of

ﬂ Dice with the Same Mean Pips?

Shang Lu, *Shuji Kijima
Kyushu Univ.

b
AAl 2022




Cr. IR )
Schaefer and Schweig 17 { i

MEFHD Y JO%ESE D = {4,B,C}

« AB,CC{1,..3m} Bl )
m =
* |A] = |B| = |C| = m: EZX A ={(3,47,11,14,18}

¢ ={1,5,8,12,15,16}
[Schaefer and Jay Schweig 17] & D

Eﬂ [Schaefer and Schweig 17]

MERROOY 1 JIO0%ESES D = {4,B, CIH
Pr[XA > XB] — PF[XB > XC] — Pr[XC > XA]

%@ 7= 9 (“balanced”)
& BDEHBEUL, ie, Yuead = Spepb = Teecc = 2,

e Alex Schaefer and Jay Schweig, Balanced nontransitive dice, The College Mathematics
Journal , Vol. 48, No. 1 (January 2017), pp. 10-16.



AKEXD (mEmY/I0O0EES] e ST S .
FAtTa9IEE(?)

1
nfBDOmEY - J0O0%E D = {44, ..., 4,,}
¢ Ai - {1, ,k}

LF A3 E D4
m=6n=23

e |4;| = m: H# A=1{34711,14,18}

o~ L B = {2,6,9,10,13,17}
AinAd;=0 (#)) ¢ ={1,5,812,15,16}

° ZaEAi a=w [Schaefer and Jay Schweig 17] & D

O (k, mnw)ULI0OKS: LOFFZ™mICID
Ok=mndDO&E, IEAIDEIEMER,. w= %mn(mnﬂ) [CEEXD.

2

@ﬁﬂ»f:n(iﬁ&?%@




Easy Thm.

TEH (1uand K22
DIZIEAIDEI &SI S5, A B e DHA > BIXS3C € D,C > A.

R [Luand K 22]
[FRISEID (CIRT|MERE Y/ IO (IFFE LR,

78

S%. [Schaefer and Jay Schweig 17]

MEfRDT A JIO&ES D = {4, B, CIH
Pr[X, > Xp] = Pr[Xp > Xc] = Pr[Xc > X,]

%= 9 (“balanced”)
< BOEEHEFEUW, e, Y cia=Ypcpb = XecC-




Easy Thm.

TEH (1uand K22
DIZIEAIDEI &SI S5, A B e DHA > BIXS3C € D,C > A.

s1E BA % g f >
ABc{l,. kLT, Al # |BITERL),

S(A,B) == |{(a,b) € A X Bla > b}|

151
A, BHMY-r10 (|Al = |Bl =m,An B = @)

Pr[X, > Xp] = &2

m?2

fHiER
A, B, CHh\disjoint’d 5
S(A,B) + S(B,C) = S(AU B, C)

79



sl A
O=3, [S(mn]\(AUB),A)>"2™ ()] %x7.

2
 S(Imn]\ (AUB),A) =S(mn]\ 4,A) — S(B, A) (2)

* S(Imn]\ 4,4) = |U"{(x,a;)x > a;,x € [mn] \ A} |

= Z(mn —a; — (m— i))
i=1

m(mn + 1) B m(m—1)

2 2
(n — 2)m?
= (3)
2
_ 2 2 _ 2 e
e (2) > (n ;)m _n; = z)m . (V)=E=ED.

O SIEEDIRELE UTC > ARMFELRVWET S.

* S([mn]\ (AUB),4) = Ypepriap S(D,A) < (n— 2)m72
> (1)ICFE.
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R U JOFEDTIEMA

fnRa
k>2m& 9 3.
A AONAEFET BCEm+-<— < k—m+§.

N |-

EH (WH K=\
k>2m&d35. % > % + (% —E)OD&%,
FEREHYC I0ONFET B.

TEHB (whb/ )\ LB ‘

81

k>225mETD. —<m+2DEE, (kmnw)bw:lai D={4y, ..,
— " A {1, k)
FEREY - ONFIET 3. e 1Ay = m T
AiNA =0

ZaEA a=w

> vv-—4n0n:+1)( TEXD.

O k= nm@t% IERIS> &l & D58,

An}




51 B OB RS

EH (wWwhiAEUEF)
k22mEd3. 2> 24 (-2 DEF,
EEREREY - 0N F1ET D.
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51 B OB RS

EH (whY/ =00V
k>25m&ET 3. % <m+2DET,
¥EEEYI0ONEFET D,

m+1 3m+1
> e , X



FIEDZ

Nelc)

=i (SFET DN ?

84

RERANGE) €= = = = = > Cgsmmnrrn
SRR . 2 i‘ o I
m(m + 2) = "
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KA RDEH [CDULNT
HFEDE, mICDWT, ) BIERIDZEICLFEL
Z DRI,

= od 14 ¥ 7E 5 78
Given: U 104, BDO&XIE k.
Question: A[CBS DY I0OB € {1, ..., k} \ AIFFIETDH ?

flzE
A={56,71214,18} c {1, ...,20}
(F&5EH? (W) = 62)

EH

ENIFTEIE CTRZTD. 0(kmw)EFR.

WAWNWAHLERTE .
Eg.,AB(A > B 5X5NcESE, 3C,B > C = A?



PIERUFEUE: m =8,k =36

COXEICELEREMRIFET D
w =81 —92,100,148 — 159

IREREOFE LR
w € {81,...,159} \ {83,87}

86

1
m(m + 2) _
= 80 m(kz 3) + k
| = 168
m (m + %)

| B T
mk "
= 288
m <k —m+ 1
2




PEERUFEUE: m =8k =32

L)

COXEICELEREMRIFET D
w = 81—93,100,132 — 141

IREREOFE LR
w € {81, ..., 141} \ {83, 87}

SIS FENIEES N NSNS RSB YT YE R
EB3EBR IS EdRAASERAREE3 8280
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Take home message

- BLWEB(IMETERR=NS.
> BIUFERZREDITTHE. HEDH>MD UL,

« MY THTF7LR/IZvw—F )
SNEMNYTHITF7LOX/IZv—F ).
> BEZE>TC. BOOARZEDHETLUL D,
> BLWEZA3=BIBELEF UL D,
B DB, ( [BLNEDIEENS ] DIFTIERL, )
EETHEHEDNOND URNATT)L,
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AFERDOEE

MuENEFICENE, HERDFICEEIEDTDIE MEEK
FDOT v 2T (ST —LwB TR FEN N ITFET D,

=

o« YT IEBRNRENICEEDIT —LDEFTILTHD,
—h. EEHRICHWT, BIEIFEL(ICUTHERNTH D,
AR TIIBBDERN (CEEX DT — LADRIINEIETILE
L. JEMRBNYI0(CDOVTERT Do

« HIABONEHOEFSFZHE. 1 IOBEEEZZE XD,
DY IO FEIT DINENZHRNRS ?

IREWEICZ D HATF |
CHDD




(0. BEZEAREBEY AT AN LDEIRTZ - L3RR

. FADEEE]

1. FADEIE"

. FADEIER]

[F - BilTi3:

(F - Bl ERIBE CELIRD7ILT U X A (2093)
(F - Bilitm2: ZNERETE & O — AR (207)

stR/mE IS5 U5 (577)
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Can a Skywalker Localize the Midpoint of a Rope?

P9 BB, LUNESEF, *RIEFAE, LU TSR
TN KRZFE KERS AT ABERBI AT

Akihiro Monde, Yukiko Yamauchi, Shuiji Kijima, Masafumi Yamashita, Can a Skywalker
Localize the Midpoint of a Rope?, ACM Trans. Comput. Theory 13(3): 17:1-17:23 (2021)



Can a Skywalker Localize the Midpoint of a Rope?

AKIHIRO MONDE, YUKIKO YAMAUCHI, SHUJI KIJIMA, and MASAFUMI YAMASHITA,
Kyushu University, Japan

This article poses a question about a simple localization problem. The question is if an obliviouswalker on a
line segment can localize the midpoint of the line segment in a finite number of steps observing the direction
(i.e., Left or Right) and the distance to the nearest end point. This problem arises from self-stabilizing location
problems by autonomous mobile robots with limited visibility, which is an abstract model attracting a wide
interest in distributed computing. Contrary to appearances, it is far from trivial whether this simple problem
is solvable, and it is not settled yet. This article is concerned with three variants of the problem with a minimal
relaxation and presents self-stabilizing algorithms for them. We also show an easy impossibility theorem for
bilaterally symmetric algorithms.

CCS Concepts: » Theory of computation — Recursive functions; Distributed computing models;

Additional Key Words and Phrases: Self-stabilization, autonomous mobile robot, computable real, small space
algorithm, choice axiom

ACM Reference format:

Akihiro Monde, Yukiko Yamauchi, Shuji Kijima, and Masafumi Yamashita. 2021. Can a Skywalker Localize
the Midpoint of a Rope?. ACM Trans. Comput. Theory 13, 3, Article 17 (July 2021), 23 pages.
hitps://doiorg/10.1145/3460954

1 INTRODUCTION

A blindfolded man stands on a long rope in the sky, and he wants to get to the midpoint of the
rope. Two guides stand on both ends of the rope: Master Light (L) is at the left-end and Master
Dark (R) is at the right-end. When the skywalker asks them a query “where am I?" two guides
answer “you are exactly in the middle of the rope” if the skywalker does so, otherwise the guide in
the near side answers “you are in my side distance d from me” Can the man localize the midpoint
by walking and asking on the rope?

Let a closed real interval [-D, D] € R denote the rope, where we assume D > 1, meaning
that the rope is not too short, for some technical reason. For a location query by the skywalker at
x € [—D. D], our oracle returns the halting state gy if x = 0, otherwise it returns the near side
SIDE(x) € {L. R] and the distance d(x) from the nearest end point to x, ie., the skywalker observes
SIDE(x) = Rand d(x) = D—x if x > 0, or SIDE(x) = L and d(x) = D + x if x < 0. Of course, he

This work was/is partly supported by JSPS KAKENHI Grant Numbers JP15K15938 and JP17K19982

Authors’ addresses: A. Monde, Y. Yamauchi. S. Kijima (corresponding anthor), and M. Yamashita, Kyushu University,
744, Motooka, Nishi-Ku. Fukucka, §19-0395, Japan; emails: monde@tcsinfkyushu-uacp, {yamauchi, kijima. makj@
mfkyushu-w.ac jp.
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the full citation on the first page. Copyrights for components of this work owned by others than ACM must be honored.
Abstracting with credit is permitted. To copy otherwise. or republish. to post on servers or to redistribute to lists, requires
prior specific permission and/or a fee. Request permissions from permissions@acm.org.
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)]
ARA DA —ND—(IEEKR[-D, D] LICWB.
ABATA—N—(FIREMW = EETESD.

o1&, =IFDDImR(B or &) & EDImmE CORERE.

A1 ITA—D—EIDEFSRL. BIDOZATYW TDERIEEBIRL.

ABNADTA—N—(FJRR[O0CEETEDIN?

The skywalker observes (R, d)

| 0
(Left (L)) midpoint

KR

(Right (R))

s d s
>R
—D D
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(0. BEZEAREBEY AT AN LDEIRTZ - [LIRIR)

. FADFIE]

. FADEIR]

. FADEIR]

[F - BilTi3:
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(P - BfilriRl: ERERECEIRIILT VXA
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Take Home Message

aFDH
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j The end

Thank you for the attention.



