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G = (V,E), P(u,v) = Pr[X,,, = v|X, = u]

€ Simple RW
P(u,v) =

deg(u)
€ Metropolis walk

1
P(uv) 1 . (deg(w)
) = e, deg@) (= aas ™ e

& Lazy chain
P+

2
@ Biased walk, Markov chain

!



5> 5 IO A —D Dk
B Hitting time (FEXRZ#, UL ULEI G EZIEI)

T=min{t | Xy =v, X =u} HSHFEUCUCEDIE DR
Thit — E[T]

* Returntime:T = min{t > 0| X, = v, X; = v}
 Commutetime:T = min{t | Xy = u,X; =u,3s < t,X; = u}
B Covertime (MEERZZEN, U UILHAFIEZET)
T=min{t |{v|X;=v0<s <t} =V}
Teoy = E[T] vIN\SEFE U CRIERZ iR 9 D KFHE
B Mixing time (P(CX19 DEZN)
7(e) = min{t | Vt' = t,Vv,dry(PL, ) < €} TEEDICUNER T DR
e Couplingtime:T = min{t | X; = Y;, X, # Y}
 Blanket time: T(8) = min{t | Vv, N,(t) > ém,t}

Sl




Cover time

B Simple RW \
vV EFEDT ST U Ty < 2m(n — 1) = 0(n3)
. [Aleliunas, Karp, Lipton, Lovasz, and Rackoff 1979]
vV IERDTSTICHULT
(1 + 0(1))nlogn < Teoy < ( + 0(1))
> T2 TS5 T 1.0y < nlogn +y)

» OURY TS Tcov_( +0(1)) O_

[Feige 1995]x 2

B Biased RW
v EBDT S T(CH U TL-RWDcover timeld0(n? logn)
[Ikeda, Kubo, Okumoto, and Yamashita 2003]
v BT S T (CH L TMetropolis walkDcover time 0(n? logn)
[Nonaka, Ono, Sadakane, and Yamashita 2010]
v {EBDZT S T LU T1/min-degree RW®Dcover timeld0(n?)
[David and Feige 2017]

B Matthews’ bound
Thit < Tcov < ThitHn
[Matthews 1988]



Dynamic graph_EDRWIC DWW TR WZ D ?

Dynamic graph = Rl & EB(CT S THELT S

61 = (]71,81) G, = (V2,82)
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“busy” simple RW on dynamic graph

1

* Simple RW: P, (1,v) = 7—

© Ge =V, &) &G

% o

(v € N(u))

t =0 (mod 2) t =1 (mod 2)
3TE=
Xo=1&£93¢&, [ER3ZFHR TSR,

> RWOEHIEZFBAINLE, BUOBINEECENS.



Lazy simple RW on dynamic graph

e Lazy simple RW
(1
E u="mv
P(u,v) =1

v € N(u)

|2 deg(u)
* G = (Vt; 8t)5 b

Q.
Lazy simple RWDcover time (& poly(n)?

|:> G M\ X, (477 9 B (adaptive dynamic graph) &
cover/~NAJEE.



(1
Adaptive (adversarial) dynamic graph Pl ) = g
Ge = (Vy, &) BT |2 deg(w)
X €{1,231D&E X: € {456}DEE
ST

Xo=6&£923¢&, ER1ZHEITEIRLN,




Lazy simple RW on dynamic graph

e Lazy simple RW
(1
E u="mv
P(u,v) =1

v € N(u)

|2 deg(u)
G: = (Vt; 8t)5 b

Q.
Lazy simple RWDcover time (& poly(n)?

|:> G M\ X, (477 9 B (adaptive dynamic graph) &
cover/~NAJEE.

|G DX [CIRF LIS ? |
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RW on dynamic graphs

B Cover time
v’ Lazy simple RW@Dcover timeldQ(2™)

v P(u,v) = (dax-lazy RW)(ET .oy = 0(n®(logn)?)

deax

[Avin, Koucky, and Lotker 2008]
> O d.-lazy RWIET.y = 0(n3logn)
[Denysyuk and Rodrigues 2014]
v BIEBRDORENAED E Elazy simple RWI(ET.o, = 0(n3(logn)?)
[Sauerwald and Zanetti 2019]
B Mixing time
v EBDMOIAELEEND S D EERk
[Saloff-Coste and Zuniga 2011]
B Edge Markovian Model
[Lamprou, Martin, and Spirakis 2018]
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Sisyphus graph (2 —= 3 7/RRAT S T) P(u,v) = 4

t = 0 (mod EE

ﬁ Teoy > 2777 (mod 6) @

(Xo =5&9 D&, JTERADN itting time> 1/2°)

@

<~ @CZI

t =5 (mod 6) t =4 (mod 6) t =3 (mod6)



[HEREAVELT SIS ITDBE, AN ASD?
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2. 18X DU — R UIEERIRE

27— N> UNEERSIRE
= TS5 T _EDRWD cover time

2. S. Kijima, N. Shimizu and T. Shiraga, How many vertices does a random walk miss in a
network with a moderately increasing number of vertices?, Math OR, 2025 (to appear).
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FRFTITEEDHLNIERNA?
« FEIRORFEEL U R2HI. 00H0599FK T E
ZA3ZBICIFEBREARES ZIELKNH? “‘

=3

PR ZFHEMI0KICEE T D, THALD
0B S N2HTZ 000 599K TEA ZDICIF,
N 5@EINIERNNHD?
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AT

D —hXE

v X, €{1,..,n}(i =12 )3T EL, PriX; =k] = %(k =1,..,n).
v' T = min{t|{Xy, ..., X;} = {1, ..., n}}%= 1> T [E%(completion time) &I\,

|Q E[T]1ZRDHK. |

Ty = min{t | |{Xy, ..., X;}| = k}:kFE > T O1EX
Sy =Ty — Tr_yp:k — 1T U THSHFHEN D ETODIOIES

n
n—-k+1'

Claim. E[S, ] =

v k- TBO>TUIREET, $TEDLSHE p = .

v &> CE[S,] (&AM DEATFHE).

- pk n—-k+1
T=T, = 1Sk(g/1§ L, =519 (n = 100@H%)
n

ZESk ,Zn k+1—nzy~n(lnn+0577)




AT

D —hXE

v X, €{1,..,n}(i =12 )3T EL, PriX; =k] = %(k =1,..,n).
v' T = min{t|{Xy, ..., X;} = {1, ..., n}}%= 1> T [E%(completion time) &I\,

|Q E[T]1ZRDHK. |
‘Q. Pr[T > 2nlnn]ldENS SLIH? ‘

ChevyshevDAREFI\NZED E

v [X] nZTL'Z
ar < 6 1T

E[X]2 — (nlnn)? _ 6(Inn)2

2

Pr[X = 2E[X]]| <
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IR DT —ThMNE

B/H1

O

HFvZsI<l.

- BEHIBIDIEZDEE, JVJOHEI?
> I JAOJEE
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« 10HIC1

O ) )—=A=nNico?

P

> > JARNOJEE(FEEE1000DIFEE R THK)

23



P> <D EBR DT —RNE

AMr

sH1ENFv251<.

MU —XENTnBRICHh

> Q >0 ?

BN ) — XK.

24



25

—
=
N

NS

)
— /I\

Wwo < DEIEXRDD

Y
AEH




Do < DEIERDT—

TR NG

AMr

sH1ENFv251<.

([ ] n b

> Q >0 ?

v A DT AROIREER

Edmeunt i RSYANS))

> Q. niRICIFEDS BNI>TENSB?

1.0(n)

2.cn
3.n—cyn
4.n—clogn
S5.n—c
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) ) BHIEHF v &SI (—HRS T L)
Do < DEBRDIT—INUNE v(n): nBOE

PN Uy : nHEARDRINE T A 5 LDIEFEE
@: nDEE, E[U,] < 1.

sE85

T I pebtnie R RN

v U, = ﬁ:lgtn

v PA T AnnEARICKRINEDTEER
Pri€,, =1] = (1 — l) <el

n

v PAT L < D nfiRICRINEDREE

1 i 1 i+1 1 n 1 n+1-i
Pr[€,=1] = 1—= ) (1-—=7] ~(1-7) <|3

RN S T 1 1 1
VOEU] =S PrlEa] <R (5)  =otatota <= <0582

e2 en 1—= e—-1
e




o BHIEHF v Z3I< (&S F L)
Do <D EBERBDIT—NTFR d(n): nEADHZX

PR Uy, : nHAZRDRINE T 1 5 LDIEFEE

n 1\ " 1
> (1-1) =—.
cn+1 n ce¢

b(n) = cnd®ES, E[U,]

sIEEH
v s =Ygl (1-3)  (=EW,D

l

cn
v Proposition S(n) = — (1—1) :

cn+1 n
1 \¢(n+1)
Claim 1: S(n + 1) = (1 - m) (S(n) + 1).

. ] n 1\ n+1
Claim 2: S(n) = —— (1 _ g) >SM) +12 o,
J&NEE LT,

c(n+1)
S(n+1)—< ) S(n)+1)
c(n+1) n+1
cn+1)+1



e Proof of Claim 1
n+1n+1

k=1 =
1 c(n+1) n n ci
- (1-52s) (zﬂ(l__) +1>
n+1 [
k=1 i=k
1 c(n+1)
= 1_n+1> S(n)+1)

* Proof of Claim 2

n 1\"

S + 1> 1—-— 1
(n) cn+1< n) T
=l

n

—cn n—cn n+1 n+1

= +1= +1= >
cn+1 n cn+ 1 en+1 cn+1)+1

29



D> < D EIBEX BT —NUNE

AMr

HfHRA(S, DES)

Y0
3N - N, S(n) = Y1, [T, (1 _ ;)

(i) (D) = ciDEE, S(n) =0(1).
(i) DHOVEHERAFERA 0 () < d(i + 1))DEF,

n 1 d(n)
S() = 5o (1 - 5) '

(iii) bb\‘?';.’f&ﬁ?(b(i” > b(l_i:))@é:%, S(n) <
(iv)2(i) = c (EEDDEE, S(n) < Hil.

n

b(n)
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BHIEHF v &SI (—HRS T L)
b(n): nHHDHZX

AMr

1B DT —MMRE

Uy, : nHAZRDRINE T 1 5 LDIEFEE

L

*EIE
0:N — N.
(i) (i) = ci DEE, E[U,] = 0(1).

. a:<rb(‘)—>oo0)é:éc E[U.] = 0.
(i) bD‘EEEJ%jﬂE)@i/)’(ﬂtﬁﬁb\’)mfﬁ%ﬂ/(@ > 2D oy o=

=(1-oM) )+1
(iii) b(l) = c(BEODEE,

E[U,] = (1 _ 0(1))C+l1

— 00

b(i) = o(i) DL, E[U,] — oo.
(e.g., d(D) = [Vi],
p(i) = [logi] etc.)




3. JEEMIEX DTS5 T EDRWD “cover time”

D—MUPNENSEIRT S T _EDRWA

2. S. Kijima, N. Shimizu and T. Shiraga, How many vertices does a random walk miss in a
network with a moderately increasing number of vertices?, Math OR, 2025 (to appear).
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Random Walk on a Growing Graph (RWoGG)EF)L

O Growing graph: (B2EN73)20 = T D5 [K, Shimizu, Shiraga “21]
g = gOl 91, 92'
G, = (V, E)IFERNIRT S 7.
EE L, vV, €V ZIRE.
CODFERTIIE, € €4 BIRFE.

O RWoGG (b,G,P) : X, (t =0,1,2,..) e V)

> 9(1),0(2),5(3), ... € Z (& duration timeZ@ K 9 . ——
n _ b (FERAE—R
> T, =X, d(n)& L, Growinggraph (& (DX =Y
G, =G™ for t € [T,_q,Ty_q + d(n))

E9dD, DFD

(¢ B0 s(DRAFY S

G, = 4 ¢ RDQRQRTYS
GB  RDo(BNATWYVT

| :

> P (F6M _FDEFSHERITY.




b(n): nHADHZX
{5l Preferential attachment PA(d)DDRWoGG  U,,: nHARDFIHRITBSE

6O = (v, EO) FEIREI (TR NS )
’ (@wass. )
1. A& &BNTS.

2. degl_l(u)(:JIIZW'J?ZDEE’—_%‘_—‘_C‘d'ﬂE@]EF\'—\:{Xl, 'Xd (S Vi_l%:\@/}‘\‘
3. dEROR{i+1,X3, .., {i +1,X,)xEN9 3.

G = (V(l),E(l)) G2 = (V(Z),E(z)) G®3) = (V(3),E(3))

AN

— (1) ———— d(2) > b(3)

T (Preferential attachment) =THRES
PW(Xlazy simple& 9D, vy > 0,3C > 0,




) b(n): nHADHZX
JEDIEX B0 = T _EDRW U, : nEBsRDFHRTESE

EIR (—fi% F5R)
b(i) = cty (V) (c > 1)DES, E[U] = 0(1).

=520 TN ks, E[U,] — 0.
thit(1)
sIFEA DR
ER:]
n n n
E[U,] = z Pr[v; is unvisited] = z Pr[vy, is unvisited @ i*" period]
k k=1 i=k
BRE (C (&
L T(i) = maxmin{t|X, = v,X, = u} on G¥
BVl < ) | [Prir > v u
k=1 i=k
RILVAIDRER K OPr[Tie() > 2] < PERALT
n n t n n 1 n 1 1
hit _
E[Un] < Z | D(i) = . c — cn—k+1 = c—1



) b(n): nHADHZX
JEDIEX B0 = T _EDRW U, : nEBsRDFHRTESE

L YARNY

TEIR (lazy reversible)
PW(ZLlazy reversible &I 3.

b(0) > D 4 26, () DEZF, E[U,] < 8N + 32,

_ ) = ' = . (@)
TR DS T, (i) ml?xmm{tht v,Xo ~m} onG

t
* Lazy reversible(CXt U CPr[T,(i) > t] < (1 — ti) < exp (— ti) by [Oliveira Peres 2019]
hit hit

o E[U,] < X711, Pr(Tyic (D) > d(D) ] L= X z0.
Pr[Tyic (i) > 2(i)] = Z Pr|Xze . = v| Pr|[Thie () > 2(0)|Xoe, . = V]
’ 3

~ it 3 1 1
_F —_— < — —_ _F —_
L) > =y ] 2=3P\"N) g

< Pr

« E[U,] <Xk G exp (— %) + Z)n_kﬂ < Yk=1 (exp (— 3—’;) + exp (—%) ) < 32+8N
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4. TEEMMEX D705 J _FORWOBGEMS

3. S. Kumamoto, S. Kijima and T. Shirai, An analysis of the recurrence/transience of random walks on
growing trees and hypercubes, LIPIcs, 302 (AofA 2024), 22:1--22:15.

4. S. Kumamoto, S. Kijima and T. Shirai, An analysis of the recurrence/transience of random walks on
growing trees and hypercubes, LIPIcs, 292 (SAND 2024), 17:1-17:17.
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Recurrence/Transience of Random walks on infinite graphs

A random walk on an infinite graph is recurrent at vertex v

if it visits v infinitely many times, i.e.,

2 PI‘[Xt = U] = O
t=0

holds, otherwise it is said to be transient.

For instance,

54

RW on Z is recurrent at o, RW on Z? is recurrent at o, RW on Z3 is transient at o,



Example 1. Random walk in a growing region of Z3

v' Random walk on Z3 is transient at o.

3

v' Random walk on {—n, ..., n}° is recurrent at o.

Q. Is arandom walk on {—n, ..., n}3 recurrent or transient
if n increases as time go on?

A. It depends on the increasing speed.

: Find the phase transition point
regarding the growing speed.

RW on Z3 is transient at o,

39



Example 1. Random walk in a growing region of Z%

Let D = (b, G, P) be a RWoGG where
« d(n) =n?
« G(n)isagrid graph {—n, ...,n}3,

 P(n) denotes the simple random walk w/ reflection bound,

: . 11 1
i.e., move to a neighbor w.p. 3 5°% unless boundary,

forn=1,2,...

D(1) steps D(2) steps

Thm. [Dembo et al. 2014, Kumamoto et al. 2024]

If Z,‘;":l% = oo then recurrent, otherwise transient.
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Example 1. Random walk in a growing region of Z%

Let D = (b, G, P) be a RWoGG where

, Recurrent
« d(n) =n*, 2
since Y, — = Y% 1=
3 n=1,3 = &n=1, = .

 G(n)isagrid graph {—n, ...,n}>,

 P(n) denotes the simple random walk w/ reflection bound,

: . 11 1
i.e., move to a neighbor w.p. 3 5°% unless boundary,

forn=1,2,...

D(1) steps D(2) steps

Thm. [Dembo et al. 2014, Kumamoto et al. 2024]

If Z,‘;":l% = oo then recurrent, otherwise transient.
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Example 1. Random walk in a growing region of Z%

Let D = (b, G, P) be a RWoGG where
. b(n) = nt9%
« G(n)isagrid graph {—n, ...,n}3,

 P(n) denotes the simple random walk w/ reflection bound,

: . 11 1
i.e., move to a neighbor w.p. 3 5°% unless boundary,

forn=1,2,...

D(1) steps D(2) steps

Thm. [Dembo et al. 2014, Kumamoto et al. 2024]

If Z,‘;":l% = oo then recurrent, otherwise transient.
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Example 1. Random walk in a growing region of Z%

Let D = (b, G, P) be a RWoGG where
. b(n) = nt9%
« G(n)isagrid graph {—n, ...,n}3,

 P(n) denotes the simple random walk w/ reflection bound,

: . 11 1
i.e., move to a neighbor w.p. 3 5°% unless boundary,

Transient
. . Tl1'999 . 1
since Zn:l? = anlm < 1000.

forn=1,2,...

D(1) steps D(2) steps

Thm. [Dembo et al. 2014, Kumamoto et al. 2024]

If Z,‘;":l% = oo then recurrent, otherwise transient.
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Related work (2/2): recurrence/transience of RW

* Much work about the recurrence/transience on growing graphs exist in the
context of self-interacting random walks including reinforced random walks,
excited random walks, etc. since 1990s, or before.

* Dembo, Huang and Sidoravicius (2014 X 2): recurrent & )72 m:(0) = oo
for growing subregion of Z¢ (fixed d), by conductance argument.

» See also Huang and Kumagai (2016), Dembo, Huang, Morris and Peres
(2017), Dembo, Huang and Zheng (2019), etc. about heat kernel,
evolving set arguments.

e Amir, Benjamini, Gurel-Gurevich and Kozma (2015): random walk on
growing tree. (random walk in changing environment).

* Huang (2017): growing graph w/ uniformly bounded degrees.

« Kumamoto, K. and Shirai (2024): k-ary tree, {0,1}™ w/ an increasing n under
RWoGG model by coupling.

* This work (2024): {0,1, ..., N}™ (fixed N, increasing n) by pausing coupling.
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Example 2. RW on an infinite k-ary tree

v' Random walk on an infinite k-ary tree is transient at r.
v' Random walk on a finite k-ary tree is recurrent at r.

Q. Isarandom walk on a k-ary tree recurrent or transient

if its height n increases as time go on?

A. It depends on the increasing speed.

Find the phase transition point
: regarding the growing speed. g
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Example 2. Random walk on a growing k-ary tree

Let D = (b, G, P) be a RWoGG where
Recurrent
d b(n) = 3n, 371
since Z?zo=13_n = Y= 1= 00,

 G(n)isa 3-ary tree of height n,
 P(n) denotes the simple random walk w/ reflection bound,

i.e., move to a neighbor w.p. 1/4 unless the root or a leaf,

forn=1,2, ...
< = > < g >
D(1) steps D(2) steps p(3) steps

Thm. [Huang 2019, Kumamoto et al. 2024]

If Z,‘?;;lm = oo then recurrent, otherwise transient.

kn
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Example 2. Random walk on a growing k-ary tree

Let D = (b, G, P) be a RWoGG where
 d(n) =2.999999",

 G(n)isa 3-ary tree of height n,
 P(n) denotes the simple random walk w/ reflection bound,

i.e., move to a neighbor w.p. 1/4 unless the root or a leaf,

Transient

since £, 22222 < 1,000,000,

forn=1,2, ...
< = > < g >
D(1) steps D(2) steps p(3) steps

Thm. [Huang 2019, Kumamoto et al. 2024]

If Z,‘?;;lm = oo then recurrent, otherwise transient.

kn




Example 3. Random walk on {0,1}"* w/ an increasing n

48

[SAND 24]

Let D = (b, G, P) be a RWoGG where
Recurrent
° b(n) = 2", on
since Zf{’zlz—n = 0

D

« G(n)isa{0,1}" skeletone,
 P(n) denotes the simple random walk,
i.e., move to a neighbor w.p. 1/n,

forn=1,2, ...

|

< = > <
D(1) steps p(2) steps p(3) steps

Thm. [Kumamoto et al. 2024]

b . .
If Y1 X — o then recurrent, otherwise transient.

2n
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Example 3. Random walk on {0,1}"* w/ an increasing n

SAND 24
Let D = (b, G, P) be a RWoGG where | |
¢ b =27,
« G(n)isa{0,1}" skeletone,
 P(n) denotes the simple random walk,
i.e., move to a neighbor w.p. 1/n,
forn=1,2, ...
Lem. [Kumamoto et al. 2024]
Random walk on {0,1}" is LHaGG.
<< > < > ¢ >
D(1) steps p(2) steps D(3) steps
Thm. [Kumamoto et al. 2024]
D . .
If Y1 % = oo then recurrent, otherwise transient.




LHaGG [SAND “24]

Defs.
D, = (fy,Gq, Py)is less homesick than D, = (f,, Gy, P,)

if R{(t) < R,(t) for any t where R,(t) and R,(t) respectively denote
the return probabilities of D; and D, at time t.

« D =(f,G,P)isless homesick as graph growing (LHaGG)
if D is less homesick than D’ = (g, G, P) for any g satisfying that

k=1f (k) < Xi-19(k) foranyn,
i.e., D and D’ grows similarly, but D grows faster.

The faster a graph grows,

the smaller the return probability.

50




Theorems by LHaGG

The faster a graph grows,
the smaller the return probability.

Under the condition of LHaGG, we can prove the following
sufficient conditions of recurrence/transience, respectively.

Thm. [Kumamoto, K., Shirai ‘24]
Suppose D = (b, G, P) is LHaGG. If

D p(mp(n) = oo
n=1

then D is recurrent at v, where p(n) = m,,(v).

Thm. [Kumamoto, K., Shirai ‘24]
Suppose D = (b, G, P) is LHaGG. If

> max{d(n), tm)} p() < oo
n=1

then D is transient at v, where t(n) represents the mixing time.
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Example 3. Random walk on {0,1}"* w/ an increasing n

Let D = (b, G, P) be a RWoGG where
« d(n) =21,

« G(n)isa{0,1}" skeletone,

 P(n) denotes the simple random walk,

i.e., move to a neighbor w.p. 1/n,

forn=1,2, ...
he faster a graph grows,
the smaller the return probability?

I

Lem. [Kumamoto et al. 2024]
Random walk on {0,1}" is LHaGG.

< = > <
D(1) steps p(2) steps p(3) steps

Thm. [Kumamoto et al. 2024]

b . .
If Y1 X — o then recurrent, otherwise transient.

Zn




FAQ: Any example for not LHaGG?

53
. The faster a graph grows,\
A (lazy) simple random walk on the smaller the return probability.

Isn’t it trivial?

LD D B

O O O O O
O O O O O
O O O O O

¢(1) 62 B G4 G(5)

is not LHaGG.
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Lazy RW on {0,1}" w/ increasing n is LHaGG

[SAND ‘24]
Proof.

The proof is a monotone coupling.

* LletX, ~Df=(f,G,P)and Y, ~ D, = (g,G,P) where )", f(i) = )i, g(i),
> i.e., the graph of D, grows faster than that of D¢.

* Let|X;],|Y:| denote the number of 1sin X, € {0,1}"¢, Y, € {0,1}"™

where notice that n; < m;. Then,

1|X¢l 1 1 | X ]
Pri|Xes | — 1= Xl = E_ni , PrXepq| = [1Xel] = 5 Pr([Xep1|l +1=[X¢] = E( —n—Z)

1Yt 1 1 |Ye|
Pr(|Yepql —1=Y]] = E_mtt; Pr(|Yepq| = 1Yel] = 57 Pr(|Yepql +1=[Y]] = E( —;tt)

o if [X;| < |Y:| then we can couple so that | X;y1| < [Vitq]
» thanks to the self-loop w.p. %

o If|X;| = |Y;| then we can couple so that |X;; 1| < |Y;4+1] since ny < m,.

Thus, Xy = 0if ¥y = o, It looks a very simple exercise if

meaning that Pr[X; = o] = Pr[Y; = o]. D you are familiar with coupling,
but n; # m; makes some
trouble, in general.
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!'- The end

Thank you for the attention.
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