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2002.3. RN BHRIET HLT
B [MCMCECH T DIABWEEFRIEETED > T K]
2007. 4.—2010.3. ZRA HEREEATAT BhEK
2010. 4.— 2022.3. LK > A5 LNEHRBIFH TG HEZER
2022.4.-IR7E BERE TP I XEEP B2

iEiRaLs,
HIB T, IERETEMRIE (P vs. NP), AL —2 32X - UH—F(HIBFHEE)
F—J—k

v BEEESRIBIE: S AT A —2, MCMC (NILOJEHEE> S H)LO)
v BESREML: $ESISEE, J57
v ZOft: BEDEONY b~ [DEGET R,

I SA 2 FE I EE),

BEIY F 20 [0 — LIEH],

RIVD T 7 DRGHEHETE (U1 /\—tF21UF 1], etc.



HEE&EE(E & P£NPFAR

el 1.
Max. 2x + 4y + 7z
St. 3x+2y <5, 2y+4z<5, 3x+4z<5 (x,y,z=0)

ol 2.
Max. 2x + 4y + 7z
St. 3x+2y+4z<5 (x,y,z€{0,1})



tHEEesE{t & P£NPFAE

HRAZETIHIE (Linear Programming)
Max. c"x
St.Ax < b (x = 0)

EXINGTIHDZE (Integer Programming)

Max. ¢ x
St.ax < b (x €{0,1})

(MBA AHREHI R T7IL T X AZEEt R

Operations research
- Mathematical Programming (optimization)
HPRAZETIEI(IRNZREY (CHE(TD. DBanzig Khachiyan

féiﬁlﬁ@(at—}ﬂﬁ(:(atﬁﬁb“fcib\. NP-hard’ 0 (Cf@End 3. y
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MRV IZILTVUX A DE
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O A5« 77 > ZEMBIBRIRED BT
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}%%2 (reduction)

- [EIREDZERDC &
> Cf. WA
BIE: x* + 4x3 + 6x2 + 4x = 0. FHEx (] ?
EER: (x+ 1?2 =tEUCHREFTDE
t?—1=0
KDt =+1.
xDVEHZEUES, x=00r —2
- NPHEIEE
> 75 ANPD I N TORIBENZIER i FE SN SRR
e (IFAICKD OMAIIMRIFESNT, AHMRFEIURLDH?




3D ETEREIFS

@alitati\D
O Turingft#% [Turing 1936]

> [Et&] OMxRETETIL
- FEEETEHRL (= EAR [5T8&] BRIEE)
« ZX(Yesor No)H\pD # sTEAOIEE
* Cf. Hilbert5TiE](1900) ~Goedel DR EIE(1931)

titati )
O P& NP [Cook 1971] Qﬁn rative

> [ETEIXRME] OEFIL
o BEEVILTVUX A (= EARBEES RN (CEEL)?
« BZAEOENTED # ATSYFTHETD?
« =|L-”J7/x[EI%E(2000)~ ?




NEBES 1S (NEEDOBEENR)
N=1{12,..,n&93d.

BN g: 2V - Ry MU EEED 15 &I,
g(X)g(Y) <gXuY)glxny)

MEED X, Y S N [CDWLWTHKDIIDZE, &9 3.

OSWRXDE, —logghMBES1S:f=—-loggEH &
fO+fY)=fXUY)+fXNY)
MERD X, Y € 2N [CDWTHDII DI EZLBES AT LW D.
O35E> 1 SEMSE [EEsMROAREE] EEHhNS.
v f 'S ED 1S olovasdhsRkHih

v &/ IMEIIZIET R (RGEE). s A{GIINPEIEE(EEL L))




f 2N > RWXIEBES 1S
—logf &5 EZS

XJ &Y

=3

A

EE> 1591

SRR (BN B ER)

YWEBES 1T «—-
EEXKIGIERNEE

> BRI 1sing
> TutteZIET
> FKGAET

1Bt BE X
fiR™ > R DT ERY]
& —log f H'

—— XD
SECEIEE

PO e baXii]
> NI T/IERD R

RER NBEES 150
BHBOY > T > 135
SEHIEHEATAED 2

MmN sns> T
> (3EhERFTE ] EE




XJ 4

|IP = Q] =[P & 0]

MEBES 1 SN DY > T IR ERETE DI EE

STEN Y F 20 DI O BUEN R AETE Al fe
SPFIREEN Y F 270 OIELI IR FTE ] EE.

MEEBEZ 1 SHMMNSDY > T O MNAA]EE
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Talk plan
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BAIRARDI7ILT YU X LF%ETER (1579)
> JE5

> WHEBEZ1S

BENWYF > (159)

> Gale ShapleyJ7)L D) X /s

> [F|ANRTZILTUX A
NERBEIYF > (159)

» Median property

> DEERETVILTVA
SED 1 SHEBOE LA (1577)
T DR

[1] Shuji Kijima and Toshio Nemoto, On randomized approximation for finding a level ideal of a poset and the
generalized median stable matchings, Mathematics of Operations Research, 37:2 (May 2012), 356--371.

[2] Junpei Nakashima, Yukiko Yamauchi, Shuji Kijima and Masafumi Yamashita, Finding submodularity hidden
in symmetric difference, SIAM Journal on Discrete Mathematics, 34:1 (2020), 571--585.

M B -concave set function, Operations Research Letters, 49:1 (January 2021), 1--4.
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2 . IQL;%EQE-E Fl:lli;Ej-!,_E [Gale & Shapley ‘62]




LREMSIERIE
L TEFSISRIRE (Gale & Shapley ‘62] VEEFU AR
VNVFID
v’ blocking pair
a. FEHF) X b V ZENYFIT
Men'’s lists (‘ favor Women'’s lists < favor
A a b d c e a B A C D E
B b a ¢ d e b C A B D E
C c d b e a C E D C B A
D d ¢c e a b d A C D E B
E e ¢ a b d e D E A B C
women

000 0O:
0000



LEMSIERIRE
RYF> D < ntlDBLDNRF; CEBIZE
ZANENRPICT E10HIR. v bloiking pair
a. EF R b VZENYF D
Men’s lists Women’s Iists’
A @ b d ¢ e a B @ C D E
B a d e b @ A B D E
C c d e a C D C @ A
D (d) c a b d A C @ E B
E @ c a b d e D @ A B C
men women




T NYFYT TS > SERIENR |,
. . o =
blocking pair < BLZDN)7: =gy
‘ BU\D, uTOBFEIDIFF UL )| v blocking pair
a EHFR b vV ZENYFID
Men’s lists Women’s Iists’
A b c e a B (A)c D E
B a d e b @ A B D E
C d e a C D g @ A
D C a b d A c OD)E B
E C b d e D @ A B C
women




LEMSIERIRE
TEIYVF > W T VERU AR
SNYVFU; =gy
‘ blocking pair Z#FI2/R0 ). v blocking pair
a BHFJ AR vV ZENYYF D
Men’s lists Women'’s lists
A b d ¢ e a B (A D E
B a ¢ d e b CcC A D E
C d b e a C E D B A
D c e a b d A C E B
E c a b d e D @ B C
women

POQ 0O
00000
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LI BRIRE
R ROEF R T LT, BEVYFVIFEET DN ? |

Men’s lists Women’s lists
A a ¢ d b e a E C B A D
B a ¢ b d e b A B D C E
C a e d c¢c b C C D B E A
D a b ¢ e d d B D E A C
E c b a e d e E D C B A

‘%Z: FEITD ‘

|:> Gale & Shapley®DJ)?)U I XATEDITTHLD |



L Efaia s

Men’s lists Women’s lists

...............
& . L 2 .

a :C 4B A I D3
. a® ~" v v L

ens? s’ ‘Wnne

. .

A £

L

® ® O O T
o O T d @
®©® QO O T

Gale & Shapley®DZ)LJ'J X/
1. BB DVNENEMER>IFEEAICTON—X
2. JOMN—ZASNZLZMHIIZDBMEN
i. SOENBEXRDTEEERLENESE
i. SOIENBORIFERESZDE

QU
71T



PVIWIVRALEEZRDES(CAYIR2 DD &

v
v

SAI31E ULD 2P [1IE S ]
sTEISHIE P R4
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GSI LIV XAFIEUWEZ ZHITH ?
Men’s lists Women'’s lists

............
T . . o KN

a C =B = A:: D:
. a® ~" v v L

Cens? IS Y

. .

A E:

L

® ® O O T
o O T d @
®©® QO O T

GSP)LTI) ZLDOENIZZLZEN W F >/ (blocking pairld U VE 1))

slEBH
v IV LT, BHUTRNDAES
> BURBIEH. %@Q‘I‘E(W)IJFHD\bﬁjD‘I"—Z“E:"H'C?Stb\o
> IBHRLUTRNEMEm)E. wiCT7OMR—=XLUTELY,
v BHIERIR)BHNEXIDEFEELZMEICE. TJOM-—XU TSN TS,
> B ZCEDDRMHEICIT, WEOBFEIRLED—T3, .
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LI BRIRE
I8 RODEWF X ST, BEV Y FVIFEEIT DN ? |

Men’s lists Women’s lists

A a) c d b e a E C IB_I@ D
B c @ d e b A @ D C E
c =T e d(@©b c ©0b5 B E A
D a b ¢ d B g) E A C
E c b a é@ e @ C B A

‘Eﬁ? W FT 7 ‘ |:>‘ NO! (blocking pairH\FE) ‘

~ [1F 4]
TN TTARSICRLD ke,
30FERAERIC DTS,

EXECJ | [Tamura 1993]
(BRRUIZDIEBAAN: BB TTE (R EEERDKF))
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2 E fn s el

I8 RODEWF X ST, BEV Y FVIFEEIT DN ? |

Men’s lists Women’s lists

2) ¢ d a E ®
TS Lo
- ©®) B

C
C
a e
b
b

a
C

> O > MmO

® Q O T
.
V°O°

mooO®>»

U s, EBRRENT,
blocking pairDVX U \INZEE DITNIE?




)7L

X N'EEZZDEEICKYR2 DD E

v BZIEEUWLND P [IESMH]

v ST8IEIE P =R

@D n! GSPZILIAUX LD
J'OR—XDEI%L

n=5 5/=120 52=25

n=10 10! = 3,628,800 10%=100

n=150 150! = 5.71x10252 1502 = 22,500
n=3000 3000! = 1010431 30007 = 9,000,000

n=10° ST T (10%)2= 1010

25



2 E fn s el

v (BARD)HEEDRLE

V (P AR DDYRZFDAFES

v (BRIBHRIFR D)

=

offd

D=L

RBELSNT L.
{DM=RICII DD ?

[ — |
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2 E fn s el

2012 J —N)U#ZBFE: Shapley & Roth
(ZEBDIESR CMiZsRETDEKICE I DINHE)

BECHECIIRBDHRI TR, HFEDFHI
[ TE UCVWERZIRDIEIDEHETE N EWDBEIIC
REH T D, HFHBSICTEN CLVRNCH UL,

D. Gale and L.S. Shapley,
College admissions and the stability of marriage,

The American Mathematical Monthly, 69 (1962), 9-15.



HWFENS R DEETGIEMEE
v IRIEARTREE (T — ATEGR)
> [DZ] 2D\ TEHFZ LR
v ZENYTFVIIE—DERRSR)
> DBORZIXT ., (MG E5m/ERH)

|~

> NN B vs LT, 2889 vs K, T
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% vs J5l5, etc.
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3. AL AT« 7 R IEFSIBRIEEDETE

MATHEMATICS OF OPERATIONS RESEARCH imm
®

Vol. 37, No. 2, May 2012, pp. 356-371

SSN 0364-765X (pri SN 1526-5471 (onli .

IefeaeETx (pune | 1SN 19250411100l lne) htps//dx.doi.org/10.1287/moor. 1110.0526
©2012 INFORMS

On Randomized Approximation for Finding a Level Ideal of a
Poset and the Generalized Median Stable Matchings

Shuji Kijima
Graduate School of Information Science and Electrical Engineering. Kyushu University, Fukuoka 819-0395. Japan.
kijima@inf.kyushu-u.ac.jp. http://teslab.csce kyushu-u.ac.jp/~kijima/
Toshio Nemoto

Graduate School of Information and Communications, Bunkyo University, Chigasaki 253-8550, Japan.
nemoto@shonan.bunkyo.ac.jp

This study is concerned with finding a fevel ideal (LI) of a partially ordered set {poset). Given a finite poset P, the level of
each element p € P is defined as the number of ideals that do not include p. then the problem is to find the ith Ll-the ideal



TEIYVF 2 JIE—DEIFBES IR

a. Preference list

Men’s lists
m; W, W, W, W3 Wy
m, W, W; W; W, Wy
m, Wy W, W, Wg; W;
my, W, Wz Wz W; W,
mg Ws W3 W; W, W,

b. Stable matchings (from men’s view)

Hi1 Mz Hz H4 Hs He U7 Ug

1

O &~ WD

2

o~ WPk

1

o w r~DN

2

o w s~ B

1

w o1 B~ADN

4

o W N -

2

w o1 b~ B

Women’s lists

w, m, m m; m, mg

W, m; mg m, m, mg

Wy mg m, mg m, m

w, m; mg m, mg m,

W m, mg my m, m,
men

4

W o1 N -

women

30



TBELYTF 2 ODMFELE"

a. Preference list

Men’'s lists
m, Wi
m, Wi
m, W,
mg W, W,
Ms Wy Ws

Women’s lists

b. Stable matchings (from men’s view)

Hi H2 H3z Mg Hs5 Heg H7 Hg
1 2 1 2 1 4 2 4

2 1 21 2 1 11
3 3 4 4 4 2 4 2
4 4 3 3 5 3 5 5
5 5 5 5 3 5 3 3

my

m mg m,
m, @ml m, m,

m

(S\ women

| favor for women> A
Hi —< M2

. < favor for men |

O—————=0

31



[Conway (Knuth '77,91)] ﬁ Stable matchings (from men’s view)\

TEIYIF 0D T 90tk My Hp Ma Mg Ms Hg M7 Mg
m 1 2 1 2 1 4 2 4
Hg m 2 1 2 1 2 1 1 1
41253 m, 3 3 4 4 4 2 4 2
m, 4 4 3 3 5 3 5 5
\_™ 5 5 5 5 3 5 3 3 )
273
41235
- -
0 0
m E E
4 Mg g C
o
QD ees D 2 (2
o <
o S
= o
S Y
”’2 ”‘3 (o]
Yy
221

(Hasse ) 12345




P

5

[Teo & Sethuraman '98]
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TENY F2IDRFHE
Object: (SAICE>T) KDHFFE ULIBZF,
Subject: ZREV Y F .
Observation: =

- [@EE: #EEalEe. “FEM" = “FBF"DOBIRTER
- BME: TSP EE.

BENY FV T a—%kDI5 ME
o g w
Proposition: “"t&%!" o O

LZENYFVITO "BF"OHIRLDIE.

A

=i

ﬁ. Stable matchings (from men’s view)\

Hi M2 Hz M4 Hs Hg H7 Ug
m 1 2 1 2 1 4 2 4

m 2 1 2 1 2 1 1 1

m, 3 3 4 4 4 2 4 2

m 4 4 3 3 5 3 5 5
\. ™ 5 5 5 5 3 5 3 3 )




— AT 4 P OTEIYVTF (GMSM) [Teo & Sethuraman '98]

a. Preference list

Men’s lists
m; W, W, W, W3 Wy
m, W, W; W; W, Wy
m, Wy W, W, Wg; W;
my, W, Wz Wz W; W,
mg Ws W3 W; W, W,

Women’s lists

W, My
W, Mg
W3 Mg
w, m
wg  m,

b. Stable matchings (from men’s view)

H1
m; 1

3
D
a N~ wN

Ho
2

a b~ W

U3
1

ag w s~ DN

Hy
2

a w b~ -

Us
1

w o ~ADN

He
4

ga w PN e

H7
2

w o1 b~ PP

Ug
4

w o1 N

arrange
each row,
independently

TEIE [Teo & Sethuraman '98]

o [FZEVY F VT,

a b~ WD P
a b~ WN PP

Q
Q

1 2

H_I

g w A~ DN B

O3

-

a N - b

wWw oa N B b

Og

35



GMSM since women

a. Preference list

Men’s lists
m; W, W, W, W3 Wy
m, W, W; W; W, Wy
m, Wy W, W, Wg; W;
my, W, Wz Wz W; W,
mg Ws W3 W; W, W,

Women’s lists

[Teo & Sethuraman '98]

w, m, m; mg m, mg
W, mg m; m, m, mg
Wy mg m, mg m, m
w, m; mgy m, mg m,
We m, mg m; m, M,

b. Stable matchings (from women’s view)

H1
w; 1

=
IS
a N~ wN

Ho
2

a b~ W

U3
1

ag w s~ DN

Hy
2

a w b~ -

Us
1

2
5
3
4

He
2

aarr &~ W

H7
2

1
5
3
4

Ug
2

=2 01 W

arrange
each row,
independently

TEIE [Teo & Sethuraman '98]

Bi FLZREVY F V.

c. GMSMs (since women)

2 2 2
3 3 1
5 5 5
1 1 3
4 4 4
Pr B2 Bs
——
Hg H7

= 01w A~ EFELDN
g w A~ P, DN
= 01 W A~ DN P

1
{
{

= 01 b~ WD P
a ~ W NP

36



BI4EDGMSM vs TZEDGMSM

b. Stable matchings (from men’s view)

Hi Mo
m, 1 2

=

IS
o b wN
o~ w e

Hs
1

a w B~ DN

Ha
2

ga w A~ -

Hs
1

w o B~DN

HUe
4

g w N -

H7
2

w o b~

Ug

4

w o1 N

arrange
each row,
independently

b. Stable matchings (from women’s view)

Hi M2
w, 1 2

=

IS
a N~ wN
a N~ we

U3
1

ag w s~ DN

Hy
2

a w b~ -

Us
1

2
5
3
4

He
2

aarr &~ W

H7
2

1
5
3
4

Ug
2

=2 01 W

arrange
each row,
independently

TEIE [Teo & Sethuraman '98]

o = Py -

c. GMSMs (since men)

m 1 1 1 2 2 2 4 4
m, 2 2 2 1 1 1 1 1
mg 3 3 4 4 4 4 2 2
m, 4 4 3 3 3 5 5 5
mg 5 5 5 5 5 3 3 3
o, O, O3 04 O Og Oy Og
— Y Y~ Y
Hq M3 Haq H7 He
<
c. GMSMs (since women)
w, 2 2 2 2 2 1 1 1
w, 3 3 1 1 1 2 2 2
w, 5 5 85 4 4 4 3 3
w, 1 1 3 3 3 3 4 4
w. 4 4 4 5 5 5 5 5
Br B2 PBs PBa PBs Ps Bz BPs

{

37
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GMSM & L)L 5T ud?)L

c. GMSMs (since men)

Mg

3 3 4 4 4 4 2
5 5 5

4 4 3

3
5 5 3 3 3

3

Mg

41235

o, O3 O, O Og Oy

Oy

M3 Haq H7 He

N o o

221

c. GMSMs (since women)

<

12453

Hs

My

W,

3 3 1

W,

5 5 5 4 4 4 3 3

W3

3 3 3 3 4 4
4 4 4 5 5

Py

1

1

Wy

M3

5

5

Wg

12435

21345

Mo

Bs Bs Bs Ps Br B

P2

H7 Ha H3 H1

Mg

o o

12345

MKy




BEXYF D DR

Object: (SAICE>T) KDHFFE ULIBZF,
Subject: ZREV Y F .

A

Observation: ¥IZ

- [FER: BRI EE.

- 2MEE: TEITPE

Proposition: "

E*ﬂ /]

ZENYF DI TO 83

="' D

39

MR = "MBF"Dt

O

Solution: GMSM

L)

)

_ IRE=R
!E- — = \ ~ » _ _\E »
GENYF I IDE—%kD VY NE

= 4 — - Hi M2 H3 Mg Hs5 He H7 Hg
FEMENZEEGES. m 1 2 1 2 1 4 2 4

J— m 2 1 2 1 2 1 1 1

[O(‘N/Z: XT‘I’ 7‘/&@7‘)??7] mz 3 3 4 4 4 2 4 2
. — = - m, 4 4 3 3 5 3 5 5




|&a%?4 VGEXYF D EKDD - ¥

e BirkhoffMZFRIFTEIE (rotation poset)
e Level Idealfcelzd

c ATTINDB2TUDEATATUREXYF D



Birkhoff(DFRIATFIE ZEN Y TFVITDEHZ a1

AE(2n)[CxT U THEEEY. @B | M = 2n1)
{a,b,c,d} |

41253 J\/L

poset O ideal [CKD
{a,b,c} {a.b.d} IVIND RIRRIT

41235
20 cf. Birkhof f DZRIRFEIE

[ rotation poset ]

{b,d} J
b
{a’21435 12453 C ‘
— N
{a} {b}

21345 12435

3 b
4 10345




F358

AR poset (partially ordered set: FI/EFES ) “;POS_PJ *

172
5l FEE
poset P = {a,b,c,d} + KINorES)BEROE N\ PEST
*a<c - 3T < HEFE L)
*b<c
-b<d Cf DAG (directed acyclic graph) h

= BRIV DI EERRNERT ST

- B/ N DB IS iy
B § 2 L\ T < B8zt

HasselX




\]7 = A\ — ing T *
poset (FIEFER) 17 77)L v F‘?;‘f?}b
5| X (c P) DY poset P D1 T 2L

poset P = {a,b,c,d}
*a<c
‘b<c
b<«d

HasselX

SkeX y<x=yeX]&EBLZT

(AFPILD)BEZICE ST, |

BEX0D "L REET

IFPILEEFNTNS



rotation poset

abcd
41

abc
41235

ab
21435

21345

LEV v F Y ITDELI “

ZEN W F 7 12345 (= man-opt)IC ~
15 P)VDEZ (= rotation) Z(IIER)&E
= ZEYYFVT

&
bd -

12453
b

12435
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LANILAT )L

o

—2 [Nemoto00, Cheng08]
PP
ZIREMBIBRERBDADICXT LU,
R: rotation posef, ,0
(Si: poset R D i BFEBD L)L T2 (LI))
| BEDGMSM = S, [CXTN T DLENY Y F V.

1

O

RDDB5ENT EL
EDX056..

o 0O
\/

(BB D) GMSMER DT 3/ = (BED) LIZR DT 35 |




L NILA T 7 ) VEZR R RE

B8 LN T 2.
Find: (i &B®) LI.

X (c P) 1 poset P D1 TP I)L
SkeX y<x=yeX]&EBZI

Hasse

9(a)= b)=2

v’ poset
v 1T 46
v UNJLA FPIL (LI)
| D(P):P DA FPILEEDES |
(= o)
Eﬁ g P—>Z_|__|_
g(z) = {X e D(P) | = ¢ X}
= |D(P\ U(x))
(V) {ye P|y»= 1))
FE S cP(ief{l,.. N}
Si = {x e P|g(x) <i}
| (BBO)LANILLTPI




HPHRIZH 47
o [Provan Ball '83]

COUNTING IDEAL
Given: poset P,
IFEE K,

Query: |D(P)| < K?

[y} € 7o)

{g(y) = [D(P)| + 1J
e glx) = K +1
TFEEH K 1237 LT, B
IDQ)| = K E783 poset @ B | ) = (EADDE)
(poly.(In K) BSRS, '+ 2) ~ (D(P)+1)
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TFI2 [Cheng '08]
i = Q(N) D85, Ti

BED LI [IE2F e Z223HD 7?1 (SHPAEEE.

TEI® [Cheng '08]

i = O(log |P|) DBF, i

B LI (IZIRIEE TR DON'D.

EiE
(15 P)ILSIFiZ

i = O(NV)DI% 'CE #PARE, BU c>1 [FEEDER.

~’Cl NPE—?%’?; 5:
. 0O

EIE
i = O(|P|¢) DB, i

B0 LI IZIRIFE TREDON'D.
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SRAMSELIRTZILT U R L cf. [Propp & Wilson '96

Oracle 1
1 FRPILOEYU—E SIS NER |

o

o

ZIBFH T T 2L S Z2HH L, TBEES

Pr S| 00wy €5 € Sjoan] 21 -8

amic g
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7)Y R DISEARSE

0. Set Z(P):=0 (p € P).

1. L% T Inl# v =
X € D(P) Zz—k7 4 DAL
Vpe P,it p & X then Z(p) + +.

[2. Output S={pe P| Z(p)/T < )\}]

50

Ex. A =0.5, T = 100

EIE

T =[-12c"21n(§/|P|)] C£IFDE,
HHSINDTTPIL S S

PrS|(-epv) €5 € Sjoeyn] > 1 -9

amicg.

ggus)

A+ e =0.65,

guEEERY




ZANMRELIRIZILT U X
Oracle 1
1 TP ILDER— RS VY NERK

ZIBFH T T 2L S Z2HH L, TBEES

PrS|(r—e)n) € 5 € Sioan| 21 -3

amic g
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51E88

Chernoff bound Zf& 3.

ML — TV T U DITER)
Q.E.D. a




ST EAS D)L ERR

Oracle 1
1 TP ILDER— RS VY NERK

ZIBFH T T 2L S Z2HH L, TBEES

PriSio-on €5 € Sioam] 21 -9
Ziwicd
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Oracle 2
1 7P )LDBIREI— R Z LT

ZIBIBETTI T IV S ZHAOL, HEERSIS

Pr[S|1-eysan)) €5 € Siaersan| 2 1=
Ziwicd.
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SR ER R EFICED S ZILTYUX A

1. Vp € P, g(p) ZELIRETLFE.
2. Output S={pe P|yg(p) <k}.

[stM?P»tfaﬂﬁamx. ] Ex. k =4

[ —z= |

v

6

"

3

1RZ77)L3JU XA,
17 2)LSZdhL, S

Pr S|ty © 5 S Sjatew] 21 -8
Zimicd.

| A
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SWEEBES 1 Smh Y > T > 2 (d#BISHEE

fned. (17 7)LDIEREE)

BE¥IEFES P = (N, )WL, BEE 2V s R %=
fX) =iex|3jj<ilaljeXx} (xe2V)

ETFTD. CDEEFIMEEDX e 2V (T LT

£ {= 0 XHAFFILDEE

=

> 1 €O TIRWNWESE
wmlcL, B>,

gX) =2"DI® (x e 2N) &3 &

(=1 XN AFTIL
g(X) 1 \
= o TN

Zimlc U, WEEBES1S. 72120 n = |N|.

HSUZIERFEY > TU I TEDE, 4T 7)LOE(DIEB)HKRES.
= #BISEEI &




What is #BIS? #BIS is a counting problm N
Prob. #BIS

Given G = (U, V; E) Bipartite graph.

Count the number of Independent Sets, where

X C UUVisanindependentsetif{x,y} & E forany x,y € X.

#BIS is conjectured to be located between #SAT-hard (no FPRAS
unless RP=NP) and FPRASable under AP-reduction.

roximation- M. E. Dyer, L. A. Goldberg, M. Jerrum, An
PP ) i approximation trichotomy for Boolean #CSP,
reserving reductio J. Comput. Syst. Sci., 76(3-4): 267-277, 2010.

A
“hard” HSAT (No FPRAS unless RP£NP) =
.................................................. — Classiﬂcation Of #P_hard
#BIS H#IDEALS, #StableMatchings problems
Fully Polynomial-time
“ ” FPRAS/FPTAS Randomized Approximation
€asy (incld. #BipMatch, Ising, #0-1Knapsack,etc.) T
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What is #IDEALS?

Prob. #BIS

Given G = (U, V; E) Bipartite graph.

Count the number of Independent Sets, where

X C UUVisanindependentsetif{x,y} & E forany x,y € X.

Prob. #IDEALS

Given P = (N, <) partially ordered set (poset).
Count the number of ideals, where

X S Nisanidealifx € Xandy < xtheny € X.

Simply we say N

"H#IDEALS is #BIS—W

Thm.
#BIS has an FPRAS iff #iIDEALS has an FPRAS.

M. E. Dyer, L. A. Goldberg, C. S. Greenhill, M. Jerrum,
The relative complexity of approximate counting
problems, Algorithmica 38(3), 471-500, 2004




Prob. #IDEALS e a >8
Given P = (N, <) partially ordered set (poset).
Count the number of ideals, where

X S Nisanidealifx € Xandy < xtheny € X. a e

Let I(P) = {X € V | X is an ideal of P}. P =({1234},)
v' J(P) forms a distributive lattice w.r.t. U and N.

v Any finite distributive lattice is isomorphic to the set family
of ideals of a poset (Birkhoff’s representation theorem).

afo G
D QD

An ideal Not an ideal
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Sampling from a log-supermodular distr. is #BIS-hard

Assuming an efficient sampler from log-supermodular distribution,

we compute C = Y, v g(X) for log-supermodular fnc. g: 2V — Ry,

v Let gy 2V S R be defined by g,y (X) = g(X) for X € 2N\,

Remark that g, is log-supermodular, again (called “restriction”).
v LetCiy = X, omm g(X), then € = %C{n} holds.

v Lett(X) = %g(X) for X € 2N, then n({X € 2V|n ¢ X}) = %

C
v" This means that we can approximate % by the Monte Carlo w/ samples from «
over 2V,

v" Since Cny is a partition function of log-supermodular distribution, recursively we
C{n} C{n—l,n} C{Z,...,n} C
C{n} C{l,..,n}

can compute C as C =

The argument is based on a standard technique using self-reducible developed by
M. Jerrum, L. G. Valiant, V. V. Vazirani, Random generation of combinatorial
structures from a uniform distribution, Theor. Comput. Sci., 43, 169-188, 1986.
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SIAM J. DISCRETE MATH. (©) 2020 Society for Industrial and Applied Mathematics
Vol. 34, No. 1, pp. 571-585

FINDING SUBMODULARITY HIDDEN IN SYMMETRIC
DIFFERENCE”

JUNPEI NAKASHIMA', YUKIKO YAMAUCHI', SHUJI KIJIMAT, AND
MASAFUMI YAMASHITA1L

Abstract. A set function f on a finite set V' is submodularif f(X )+ f(Y) > f(XUY)+ f(XNY)
for any pair X,Y C V. The symmetric difference transformation (SD-transformation) of f by
a canonical set S C V is a set function g given by g(X) = f(X A S) for X C V, where X A
S = (X\S)U(S\ X) denotes the symmetric difference between X and S. Submodularity and
SD-transformations are regarded as the counterparts of convexity and affine transformations in a
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TEx

FZf:R" > RICWH L, EFEDx,y € R*EERDA = 0[S LT

Af)+A-Df@)=fAx+ 1A -Dy)
MEKDIIDESE, fFIZMBEEEWLD.

@ Gnuplot (window id : 0) Oa >
D& &|lszeaaaly?

100

90 |-\

p\
ol f(x) = x?

50 |-
40 -
30 |-
20 |-
10 -

0 1 — ]

-10 -5 0 5

10.1100, 83.1828

CR3%

10

@ Gnuplot (window id : 0)
D& |ecezeaaald ?
1.5

- O

X

1 _—

N
\

0.5k \
\

-0.5

Fo =1-exp (

T
1-exp(-x**2/2) ——

x2Y

-3

-10 -5 0

10.7232, -0.0260044

5

Q= VANVALE SE=

10
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T (B

B R > RICWL, EEDx,y € RPEFREDA > 0T UT
Af)+ (1 —-Df(y) = fAx+ (1 - Dy)

MEKDIIDESE, fFIZMBEEEWLD.

TEIE cf. [Rockafellar]

hR" > RMIT7 T4 > EHETSD.

FEf R 5> RDBVMND EE g = f o h(FHEAEL.
ie,h=A4Ax+b: AERV"" hbe R"DEF,
g(x) = f(Ax + b) (IMEHEN)
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EE . (MBEIEX
FEEf R" - RI=

n D> BERNEIZEND )’ O Y

—mo——HEY 21 SREH

h: R"

F;'aik&f]Rn% ,
(i.e., h = Ax+bAE bE]R DEE,
.

g(x) = f(Ax + b) I YEZER

—

=)

A
i\
54 L}

TUTC
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N

T $5E>1S
EEREE {01}V > RICWT LT, @4:{0,1}" x{0,1} - R%Z
OX,Y)=fX)+f¥)—fXUY)-fXNY)

E93.
« EFEBNSETED 1S EE, EFEDX,Y € {0,1} (LT
Dp(X,Y) = 0D DI DT ELET D,

Ig = f © 01,00 PBE

EE: WA g(O,l) =1
WHRESHRo,: {0,1} - {0,1}V %=
o, (X)=XdS (X €{0,1}")
E93.
E£58Eg: {01}V > R%Z

g = foas 9(0,0,0) =
Z SICKD f DOMIREZIR SIS,

9(0,1,0) = 2 g(1,1,1) =2

g(1,0,1) =1

| —18IC, AFETBIILEY 1SUEREURL.
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N

T $5E>1S
EEREE {01}V > RICWT LT, @4:{0,1}" x{0,1} - R%Z
OX,Y)=fX)+f¥)—fXUY)-fXNY)

E93.
« EFEBNSETED 1S EE, EFEDX,Y € {0,1} (LT
Dp(X,Y) = 0D DI DT ELET D,

Ig = f o 0'(1’0,1)031;%/5!\

EE: WA g(0,0) =1
WHRESHRo,: {0,1} - {0,1}V %=
o, (X)=XdS (X €{0,1}")
E93.
E£58Eg: {01}V > R%Z

g = foas 9(0,0,1) =
Z SICKD f DOMIREZIR SIS,

g(0,1,1) = 2 g(1,1,0) =2

g(1,0,0) =1

|1LEY 1 SUERET DIFEHETUMEL
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N

T $5E>1S
EEREE {01}V > RICWT LT, @4:{0,1}" x{0,1} - R%Z
OX,Y)=fX)+f¥)—fXUY)-fXNY)

E93.
EERANSE 2T EE, EEDX,Y € {01}V (CHULT
Dp(X,Y) = 0D DI DT ELET D,

EE: WAL f(l,l) =1
WIRESHRo: {0,1} - {0,1}V =

o (X)=X®S (X €{0,1}")
E93.

E£58Eg: {01}V > R%Z

f(1,1,0) = 2 f(0,1,1) =2

g = f oag rf(l;o;o) j ((0,0,1) =i
C JTIREZE IR — -
k%’&“):5'f$(311%7?3n573‘? )

N’
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EE/

=

TExs: 0-1 83 7 5 IRMD2-face

B 34K{0,1}V D2-face: X, X U {u}, X U {v}, X U {u, v}

BB AR{0,1} D2-faceRDESZ
P={X{uv) | luwveV, XV \{urv}}

XY, [Pl =2V (})hEDIIo,

EIR. LTS 1 SBJER (2-face ver.) [cf. Schrijver]
EREDOEEREHS {01} > RICH LT, &5 P > RZE
Or(X, {u,v}) = fXU{u) + F@AU{PY) - FXU{u,v) - FX)
LEERTD.
SERBYNPBES 1S5 THDZEDRETDFERMAFE
EED (X, {u,v}) € PICH LT (X, {u,v}) = 0MBDIIDT L.
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B AT an) ==

E5: I~FSZ = J(inequality graph)
SR {01} > RICHULT, RESIST 6 = (V,Ep)%&
Er = {{u,v}|3X,{u,v}) € P,Os(X,{u,v}) # 0}

9D,

F(1,1,1) =1

f(000)=0



HES 1 S RF I SIEZER

i 2
EEDS cVICHUT,
[feosh'SESS o Seu|)|

il

BIERDU; SV (i=1,..,k)ICXTL,
U(f) = Ui Ui | T €41, .., k3
f(L,1,) =1 ETD (kLG DEFERRDE).

f(000)=0
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&~ n this conference...

i

Kazuo Murota said ...

“Kijima, do you know M#-concave set functions form a
proper subclass of submodular fns.”

(So, sampling from log-M#-convex distributions may be easier than
from log-supermodular distr., as | understand)

0 Both Min/Maximization of an M#-concave fn. is in P.

(It looks like a matroid rank function, but not “monotone”)

‘Answer: Sampling from log-M#-convex distribution is still hard. ‘

T. Fujii and S. Kijima, Any finite distributive lattice is isomorphic to the
minimizer set of an M "-concave set function, arXiv 1903.08343, 2019.
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ABSTRACT

M*-concavity is a key concept in discrete convex analysis. For set functions, the class of ME-concavity is
a proper subclass of submodularity. It is a well-known fact that the set of minimizers of a submodular
function forms a distributive lattice, where every linite distributive lattice is possible to appear. Itis a
natural guestion whether every finite distributive lattice appears as the minimizer set of an M*-concave
set function. This paper affirmatively answers the question.

© 2020 Elsevier BV. All rights reserved.

1. Introduction

A set function f: 2¥ — R for a finite set N is submaodulor if

FXO+fIY)=fIXUY)4FIXNY)

Proposition 2 (See eg, [9]). Given a finite poser P = (N, <), let
f:2Y — R be defined by

fIX)=|(JeN\X:3ieX such that j < i}| (1)

Iaw o ¥ e 3N whora 1 o T AdAoonndse 3 o i nand d L 3 Thon & io




[1,2)@

\

o
(1,1)] 7D — [x)iy-1)=1 |
>

L .
‘forests (ind. sets) ‘ X

spanning trees (bases)

inapproximable in polynomial time

[Goldberg & Jerrum ‘08]
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Good News? Recent development

N. Anari, K. Liu, S. O. Gharan, C. Vinzant, Log-concave
polynomials lI: high-dimensional walks and an FPRAS for
counting bases of a matroid, STOC’19.

Provides an FPRAS for T (2,1) (Ty(1,1) and T);(2,1), in fact)

74
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Conclusion

For efficient sampling from an arbitrary log-supermodular
distribution, #BIS needs to have an FPRAS.

Some people conjecture that #BIS is located between #SAT (no
FPRAS, in general) and FPRASable.

v' Bad News: sampling from log-M#-concave distribution
is still #BIS-hard.

v' Good News: #BIS (#IDEALS, precisely) is restricted to
log-M*#-concave distribution, from log-supermodular
distribution.
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Talk plan

4.
5.

77

BAIRARDI7ILT YU X LF%ETER (1579)
> JE5

> WHEBEZ1S

BENWYF > (159)

> Gale ShapleyJ7)L D) X /s

> [F|ANRTZILTUX A
NERBEIYF > (159)

» Median property

> DEERETVILTVA
SED 1 SHEBOE LA (1577)
T DR

[1] Shuji Kijima and Toshio Nemoto, On randomized approximation for finding a level ideal of a poset and the
generalized median stable matchings, Mathematics of Operations Research, 37:2 (May 2012), 356--371.

[2] Junpei Nakashima, Yukiko Yamauchi, Shuji Kijima and Masafumi Yamashita, Finding submodularity hidden
in symmetric difference, SIAM Journal on Discrete Mathematics, 34:1 (2020), 571--585.

M B -concave set function, Operations Research Letters, 49:1 (January 2021), 1--4.



!'- The end

Thank you for the attention.
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