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Efron’s dice

A= (0,0,4,4,4,4)
B=(3,3,3,3,3,3)
C=(2,2,2,2,6,6)
D=(1,1,1,5,5,5)
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Figure 2 Optimal strategy solutions

C. Rump, Strategies for rolling the Efron dice, Mathematics Magazine,
74 (3): 212 - 216, 2001.
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* Irving Kaplansky, A contribution to von Neumann's theory of games,
Annals of Mathematics, Second Series, Vol. 46, No. 3 (Jul., 1945), pp.
474-479.

* Irving Kaplansky, A contribution to von Neumann's theory of games. I,
Linear Algebra and its Applications, Vol. 226—228 (Sep.-Oct. 1995), pp.
371-373.



|. Kaplansky, A contribution to von Neumann's theory of games, Annals of
Mathematics, Second Series, Vol. 46, No. 3 (Jul., 1945), pp. 474-479.

LV Uk )
Here v'(G) = 0 unless the ¢'(G;) have the same sign, in which case

1 _ 1 1 1
@~ v@) Tre T TGy

(d) Symmetric games. The game G is symmetric if and only if its matrix is
skew-symmetric. Of course ¢'(G@) = 0, so the only interest lies in locating good
strategies. Since the rank of a skew-symmetric matrix is even, we have the
curious fact that an n by n symmetric game can be completely mixed only if n

is odd.
0 ¢c —b
—c 0 a
b —a 0

For n = 3, the game
is completely mixed if and only if a, b, ¢ are different from zero and have the same
sign. The unique good strategy is then (a/(a + b + ¢), b/(a + b + o),
¢/(a+ b+ c)). (Thisisa sort of generalization of “Stone, Paper and Scissors”).*
The symmetric game || a;; || of order 5 is completely mixed if and only if the
five expressions
A2sdas — Qaslas + Qaslas
— 015031 + G35014 — Q45013
(15024 — Q25014 + Caslio
— Q15le3 + QosGiz — A3slag
014023 — A24Q13 + G342

have the same sign and the unique good strategy is then proportional to them.

NeEw York CITY
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Wimmer, M. (2012). "Efficient numerical computation of the Pfaffian for
dense and banded skew-symmetric matrices". ACM Trans. Math. Softw. 38:
30. arXiv:1102.3440. doi:10.1145/2331130.2331138. S2CID 15331538.
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WABSWAHLERTED.
Eg,AB(A>BMNS5X5NIEESE, 3C,B > C > A?



PERUFUR: m =8,k =36

COXEICEILREMIIFET D
w =81 —92,100,148 — 159

RERBHMFE LR
w € {81,...,159} \ {83,87}

50

1
m(m + 2) _
= 80 m(’; 3) + k
I = 168
m (m + %)




PERUFUR: m =8,k = 32

I

COXEICEILREMIIFET D
w = 81—93,100,132 — 141

RERBHMFE LR
w € {81, ..., 141} \ {83, 87}

51

| —draw dies e tha et dice P > |
-!h ------ H : ------ !'----’
1 mk
m(m + 2) m(e=3) _ ocg
= 80 Ttk =
I — 148 1
m(m+%) m k—m+§







53
Take home message

- BLWEB(IMETERR=NS.
> BIUEEREZEDIFITE. HEDOH>MD UKL,

o TNV THIT7LIR/IZvw—F).
SNEMNYTHTT7 LR /2w —F ),
> BEZE>T. BDOHRZEDHETL L D,
> BWEZAZHIELELL D,
BITEHDEN, ( [RWEDIFFTEND] DIFTIEIRLY, )
EBETESHEDROMDURWAZSF)L,



AFERDEIE

MuENEFICENE, HERDFICEEIEDTDIE MEEK
FDT A 2T 25— Limt (CEEARF L NI 7129 Do

=

« SV UIFBHONNRENICEEDT—LADEFTILTHD,
—h. EEHRICHWT, BIFIFEL(ICUTHERNTH D,
KA TIBENERN (CEEX DT —LDFRINIETILE
L. e Y I0(CDOVTERIT Do

« HIBDRFEOFEHFZHE. U IOBRMEZSE X D.
mIMDY A IONFEIT DINEMNZRAND ?

REWEICZ D ZHAFT |

RN,







J—AhGC=(P,S,a)

2AOFT —A(1/3) P. TLAY—DEE
§ = {S,|p € P}: 8T LA 7 —DBIREAK

56

a:P x[],S, » R: &T L7 —D¥EZ (XS I 2FIG

O JLAV7—H2A(P| = 2)DE5, 2AT—AEND,
> CZTl&, 2ADT L7 —%ZAlice &Bob &I,
O AliceDEKBREESZS,, BobMDEMARESZS; & T BD(S = {S4, Sg)).
> T, BREBIEESS, ={1,..,m}, Sz ={1,..,.n} ®EZX3.
O AiceN8kEE € {1,..,m}Z &ED, BobHEklE/ € {1, ..., n}ZEN D J2hFD
AliceDFIiFGZa;; & TD. A= (a;;)ZAliceDFHFITI SN D.
O BobDFIFE = —AliceDFNFL/RD EE, EOMT—LEWD.
> OGS — ADBobDFIFITII-MTHB.
> EEDIZS, [AliceDFF] DT E%Z [BobDIEKR] EHEULD.




Cf. [Matousek & Gartner, Understanding and Using LP] -
AT ORT — A (2/3) JRE KR & BRTGAIE
A = (a)): FIS1T%

1 iwinsj
a;j=4—1 jwinsi
0 =]

AliceDIBE¥EE x = (xq, .., xp) i, =0 (= 1,..., m)PMDYR, x; = 1ZHT.
BobDESHEEy = (v, .., V)T : ;=20 =1,...,n )WDY, y, = 1Z=i@/c 9.

A8
fped

AliceDESHAZ N x, BobDESHIZRN yD & F,
Alice DHEAFFFIF(Ix T Ay.

sIEHA

z a;; Pr[A plays i, B plays j| = z a;; Pr[A plays i] Pr[B plays j]
rar g X,y — J X y
Lj tj

= Z a;jx;yj = x' My
ij



Cf. [Matousek & Gartner, Understanding and Using LP]

2 A OF04 — /A (3/3): NashiT i

E: RBESULEEE (best response)
B(x) = m)}n xTAy: AliceDEEZx (CXF L C, BobldIERE/)\EkES

a(y) = maxxTAy BobDEKAZy(C3XF LT, Alice(IFISERAEME

EER: = Nashig (mixed Nash eqwllbrlum)
x, yhYiB&Nashiiig & (X, BVWWCERERIGEIE TH D L.
N5,

B(x) =x"Ay = a(y)

£ (minimax)

FEEDO_ATOMST —AICDULT, maxminx'Ay = minmaxx'Ay.
X vy y x

#iliR (Cf. [Matousek & Gartner, Understanding and Using LP])
EROZATOMT —AICDNT,
A NashtI & IERAZETEIE TR (KK D.




