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BPP (Bounded-Error Probabilistic Polynomial-Time)

=:ELH'BPP <

ZIEIFE CIEILETD

fEZREY Turing MachineMFE L, UITRDREGZTICT.
x € LIZSWEER2/3 F TSIE,

x & LIZSTER1/3MU TN TSIE,

| ACCEPT |REJECT
=) 3813 >2/3 <1/3
=pIENo <1/3 >2/3




BPL (Bounded-Error Probabilistic L)

=:ELHBPL <
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SLIRDED

o

%

1 3.1. AR —=APDEEH )71 7 ARA]

#67J 1

F52, WA E

AfcF, RIE B5, WK Hse
TUMRZ



0: “BBHE”/\N\DX—4 5

A —=LAT—IPD5E

Se8: 8 )7 15 7R A
7 28 o) f —

Input: 0€(0,1) X =(X4,...,Xy) €ZN (BRID)
Find: all s €2 s.t. f(s)>0-N o
= (5) o0 N (or log NODTUE)E

BU f(s) & s 7 x PTHIE LD w
1. 1BOPOST—3 (@ m_%_

={ @, O,

-0 G0 m@ © - 7 © -
Bl. 1IHO DO CXIPEUAR

> < {0.0.0.0,...,255.255.255.255}

X =123.45.67.89, 111.11.1.1., 123.45,67,89, 122.122.12.12..

would like to find items appearing w/ frequency more than 6=1% of N.



b8 )71 T AR RIS B EE

il

Bt 71 T AR EREE(CITDICIE,
Q(1Z] log (N/|Z])) bits DK,
(N>> |Z] >>1/0 &TF D)

IZ [Karp, Shenker, Papadimitriou ‘03]

S

EIE [Karp, Shenker, Papadimitriou ‘03]

58 77 T ARRKICTXT I D

0((1/0) log N) bits MIBEZM (GEIN) 7))L T X ADTFE.
(N>> [Z] >>1/6 £ T D)

E{> o(log N) bits7?)L T X/ 7
» e.g. O(log log N) bits?




501 o(log N) bits CEZHEHZ 5N

dlinl

ERIIC (3.
N (or log NODITUE)E
NDHBIR0)N,

8 BRUZ LT
Input: x = (a,...,a) XN (IBRIO)

Find: N o o O O

IV AN BZ ET

0. Set n:= 0. %7

1. Read an input. If no more input, goto 3.
2. n++, Goto 1.

3. Output n (as N = n).




501 o(log N) bits CEZHEHZ 5N

B8 BRYA LT

Find: N

Input: x = (a,...,a) XN (IBRIO)

dlinl

ERIIC (3.
N (or log NODITUE)E
NDHBIR0)N,

PV BZ EIT
0. Set n:=0.

2. n++, Goto 1.
3. Output n (as N = n).

1. Read an input. If no more input, goto 3.

/O(log N) bits

~

H o(log N) bitsaTfl 7 )L T XA 7Y
> e.g. O(log log N) bits?




88401t o(log N) bitsCTERHEHZ 5N,
8 BERHZ LT
Input: x = (a,...,a) XN (IBRIO)

Find: N o O O

dlinl

ERIIC (3.
N (or log NODITUE)E
NHSIRLN,

Remark

« NIZO(log N) bits CRIETJAE.
v' N=1,351,127,649,213

o NDELLU3O(log log N) bits THRIZAIAEE
v  N=~1.351 x 102
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FSHER (=log N)H'o(log N) bitstBig CIEIUETE TEDN 2 ENND T &,

ZIRIZO(log log N) bits COJRE /




B501b: o(log N) bits TEZHEHZ 51,
8 BERHZ LT
Input: x = (a,...,a) XN (IBRIO)

Find: N o O O

=S RUIC(3

PV BZ EIT
0. Set n:=0.

1. Read an input. If no more input, goto 3.
2. n++, Goto 1.

3. Output n (as N = n). /@(log N) bits

N (or log NODITUE)E
NDHBIR0)N,

IP. [Flajolet ‘85, Ogata et al. “11]
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Input: x = (a,...,a) XN (IBRIO)

Find: N o o

O
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7)) XU ﬁﬁ%ﬁ%ﬁ&it(f

0. Set k:=0.

1. Read an input. If no more input, goto 3.

2. k++, w.p. 1/2%. Goto Q
3. Output k (as N = 2¥).
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Input: x = (a,...,a) XN (IBRIC

Find: N O

ERIICI3
)

N (or log NODITUE)E

12

— key point

2LV ZN: WA E P

0. Set k:=0.
1. Read an input. If no
2. k++, w.p. 1/2K

3. Output k (as N = 2k). a log N) bits

“w.p. 1/2% ” using
kO(log K) bits on PTM. y

D

N

Thm. [Morris ‘78, Flajolet ‘85]

E[2K] = N+1

because
N~ 1+2+4+8+16+

2
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ResRO0IZ T (R —< 7 T
— )

/
PV I ZUn: Rz IS (I ER)
0. Set/k:=0, [:=0.
1. Relad an input. If no more input, goto 4.
2. l++, w.p. 1/2k,

b . ’ Zb —2b
3. If [==2P, k++, and set | := " w.p. (l,)-z . Goto 1.
_A_Q.u.i.-l./~ — LDl

exponent”—Jd)H% 37’ EEXUZJ CHZEoIC ‘ 3
“exponent”=k_(k > j)DBF, EEXHZKJ'CWI@L%D'CL\Z)
= PriOEE Y in (] = 1/23 * 1723 = 1/2k,




RN Z LT (NED)
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Input: x = (a,...,a) XN (IBRIO)

Find: N o O

O
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N (or log NOMT{EUEBE)E
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7)) A : TERBHZ FIT(IREY)

0. Set k:=0, [:=0.

1. Read an input. If no more input, goto 4.

2. l++, w.p. 1/2k,

b
3. If 1==2P, k++, and set | := I’ w.p. (Zl’ ) 27
4. Output l and k (as N = | *2k ).

2" Goto 1.

@og log N) bits

Thm. [Ogata, Yamauchi, K., Yamashita ‘11]

*IKT ~ I
E[I"2%] ~ N. q>.|“a&§§£” EESE. SBHP A TLARNETAE (GHBIR)
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A =AT=BOEE I’ 1 T IR
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B N (or log NDTUE) E
Input: 6(0,1) X =(Xq,...,Xy5) €N (J”EIQ&S) PO,
Find: all s €X s.t. f(s)>0-N © o w
BU f(s) [&s D' x P THIELZOH
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H o(log N) bits)?)L I XA 7?
» e.g. O(log log N) bits?
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Bles: 58 )71 7 NRAL

Input: 0€(0,1) X =(X4,...,Xy) €ZN (ERIO)
Find: all s €~ s.t. f(s)>6-N © o

BL f(s) [&shH xc

h Tt

HIR LIS

D \Y V4

SHIICIE,
N (or log NDTUE) E
/BYALSYANAY

~— S

Thm. [Ogata, Yamauchi, K., Yamashita ‘11]
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» e.g. O(log log N) bits?




!'- 3.2. Probabilistic Counting
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Input: x = (a,...,a) XN (IBRIO)

Find: N o o
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N (or log NOMT{EUEBE)E
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0. Set k:=0.

1. Read an input. If no more input, goto 3.

2. k++, w.p. 1/2%. Goto Q
3. Output k (as N = 2¥).




Probabilistic Counting by Morris

Prob. Count. by Morris.
0. Set “exponent” h := 0.
. Read an input if exists, otherwise goto 3.

1
2. Increment h by one w/ porbability zih Goto 1.
3

. Output h (as logn).

R. Morris, Counting large numbers of events in small registers,
Communications of the ACM, 21(1978), 840-842.
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Probabilistic Counting by Karpinski & Verbeek

Prob. Count. by Karpinski & Verbeek

Set “exponent” h := 0. Set TMP := 0.

Read an input if exists, otherwise goto 6.
Generate a random bit r € {0,1}.

If r =1 then TMP + +,

else TMP = 0.

If TMP > h, then h := TMP (infact, just h + +).
Return h (as logn).

oS AW 2O

M. Karpinski and R. Verbeek. On the Monte Carlo Space
Constructible Functions and Separation Results for Probabilistic
Complexity Classes. Information and Computation, 75:178-189, 1987.

20



Probabilistic Counting by Uehara

Prob. Count. by Uehara
Set “exponent” h := 0. Set TMP := 0.
Read an input if exists, otherwise goto 8.
Set TMP := 0. Set r := 1.
. While(r = 1){
Generate a random bit r € {0,1}
TMP + 4+ unless r = 0.
3
If TMP > h, then h := TMP.
Return h (as logn)

© N kAW =O

FERIEY. #E2RTuring MachinelZ R (1F BIEL\UAN)LDEIF A
BRVOIBEMIC DU TC. 1BHRERIBR I —2I > 3 v 7, 1993,
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loglognZ0(logloglogn)bitztEBI% CATIU TE DN ?

(T2 A)RERRE]RE
loglogn € BPSPACE(logloglogn)?

AT EMREK CIIX QL.
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BPP vs ZPP

ZEAFBBIEIE vs BiTZIBTEE

| i _
W - ™, ~ % I/
"'-I"._ I.. _,-""f \l". H‘-. W, /
I%'x \ RP I\ ZPP co-RP ) ;{{{f
W 5 / p
e T ___.-"' _d___F._-.'.'::__.-:__.-'
S e —— o

https://en.wikipedia.org/wiki/BPP_%28complexity%29
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RP (Randomized Polynomial-Time)

SiELHRP <

ZIEIFE CIEILETD

fEZREY Turing MachineMFE L, UITRDREGZTICT.
x € LITOWEER1/2 F TSIE,

x ¢ LISHIEZIE,

| ACCEPT |REJECT
=) 393l >1/2 <1/2
E2D[d: NO 0 1
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LPP (Zero-Error Probabilistic Polynomial-Time)

=:ELNHZPP <

HFEC U CZIBIFECTEILET D

fEZREY Turing MachineMFE L, UITRDREGZTICT.
x € LISOWER1CTZIE,

x ¢ LISOER1TIESIE.

_

BDfR: YES 1
S@m@E: NO 0 1

/_\BE

02
ZPP = RP N co-RP
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n23to—manoEs |Eemenenmiicon |
REREE
0. Seti=1.
1. Generate r; € {0,1}.
2. If 0.7y7 71311+ < - then output 1.
3. If0.ryry--1;00:-- > % and 0.ryry - 111+ < % then output 2.
4. If 0.ry7, 1311+ < = then output 3.
5. Else goto 1.
I 3
| | | |
1/3=0.01010.... 2/3=0.10101....
2 & ZITELEZIND
0.010101
EmRS ETMOEESR). = BIRFEIEIE UV, . .
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{0,1}EL &N ZERnBEEKRTDEDCT 2.
v OO ITgR1IETTEL ICEEB®ALGND.
> BlZIE, AT k <n BOEKTHAOASNDIES,
ZDHCEEHKICIBICT DT TEERZERA LT,
=AD k @IZITED.
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2. If yr, =00 then output 1.
3. If yr, =01 then output 2.
4. |If r;r, = 10 then output 3.
5. Else goto 1.

Generate r; € {0,1}, r, € {0,1}.

1

00
IEZ@“?EL%Q@EH%@%&.

E 2k (3)k _3
4 3
k=1

(B DMOHAFELD)

EEI1CER2UIELEGUC.
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F(k)—zPrX K]

ETD. ERDKICXT L/'C BEEAF (k) D2EHTBDIED
g() =0((2-¢)) ) TEETETDEE,

BBEC U CaR 2ign B VYLAEY Z2ER LT

HAFEESR O ([logn] + = ) CAEDXNEENS.
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ERE AN N

generate random real 2 € [0,1) Z U C,
(1, ..., n}ICRI T R8T = DIRRIE .
XAlZ DI DDICKELDDDBEN D D.

—RELED CCIT
l BHDERD.

011 1 0.1000000000000001
0.10000000000000001
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st BB D BEES

(flogn] + 1)-bitDFEEMEEM T DRI ETRET 3.
2nfE@ (U L) ICoEB=NDDIC, T ([En(@E.

> Z0ERZFR0(gn)

> CHOESE, ([logn] + 1)-bitXTEHEITNILKU).

([logn] + k)-bitDELENZEK T D CHERL — (l)k‘éﬁﬁ“ﬁa“ .

2

IJIxNHREAFFTEIEEE
O([logn] + ng(j)) = O([logn] +Z( > g) )
=1 =1

2
=0 <[logn] + 7 e)
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1))

T

[0,1]: KRI[0,1]DEIREIE
[0,1]: XRI[0,1]DEHES

DR
[0,1]
Pr[x € [0,1]q] = I[O,l]il =0

st8A (0717 77)

FEEDx € [0,1]plCxT LT
Pr[X = x] =0

BIEHESOERRIDOT, TEIEMEKRD
Pr|X € [0,1]g] = Z PriX =x] = z 0=0

XE[O,l]Q xE[O,l]Q
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XTABIRHE|[0,1]o| # I[0,1]g|D5
[0,1] ]
|[011]]R|

[FEITDH?

=0

ITe EECAIEEBN D,

= [0,1]g| = |[0,1]g X [0,1]g|

AIE: [0,1]g X [0,1]x EOBRROEIE(TESR, RIE) (J0
=>BEDHMEES UT “g8L\”

sTESRFCELZUY !
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!'- The end

Thank you for the attention.



