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MXEE

AL TIE 200V T o TEERET D, BETDHV 7Y BT~ a TESHE AW o7
U v 7T, Coupling From The Past (CFTP) [ZES & EWOMICEBIZMEY 7Y v J & ke
295, BETHTNIY AANETANHTAE (Las Vegas type) OFELIRT AT Y XA (randomized
algorithm) T, BRI T U 2R 2§, RimX TH O MBEIX 2T 2% RO—KI 7Y
7 L BERAL Dirichlet 2ARIZHED V> TV 7 Th D, TNENOREIZHR UL TREK DBV (rapidly
mixing) ~/La VEEERET S, IHIZ, INHO~ /a7 #EHENERE (monotone) THHI &%
7~ L. B3 CFTP (monotone CFTP) 713U X AZHEHTH,
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AL TIE 20D Y TIERRRT D, BET LV 7Y o 7T~ va 7EEE AW
U > 71T, Coupling From The Past (CFTP) ([ZESEEFDMICEBIZWHEI VTV T (R—
7z MUY 7 Perfect Sampling) ZFRIREIZT 5, R T AT/ T U AL LT AT AE (Las
Vegas type) OFELIRT /LT Y XA (randomized algorithm) T, FERMIK T UBE o2 iKd, A
ST O MBI 2T REIRO—KkY 7Y v L BEBYE Dirichlet KIS YTV v 7 Th .
ZTNENOMEIZ L TPOROEYY (rapidly mixing) /3 Z7EHELZRERT 5, SHIZ, ZhbD~
v 7 HEEHNEFH (monotone) THHBHZ L&/RL., BHFH CFTP (monotone CFTP) 743 X A%
RETT 5,

< /NaZEEERHWEY Y 7T, v a TEgTE T v e (Markov chain Monte Carlo:
MCMC) .. Gibbs > 7 Z— EM 7 /2 U XA, Metropolis-Hasting (M-H) ¥ I=b—3 3 &
W T T, REHIEE, [EREHGEE. BRERT. BUERES . g0, Sk Xy FU—27 VAT
L7 BT A BN S, ITHFEOFHEMERE O Rz & 0 KRR 3 2 #HE23FTRE
7Y THODOFENERMICHVONIGEAE A TE e, TN, v /va7EHEHnizT o
 LAERIEICBET 2 BRI S EA ThH D, HTH~v/a Z7EEHOPIROE S (mixing time) DH
EINZDOWNT, fAEET A TY X ABEEROFIEE & H OISR TV TV 5 (21, 24, 38, 48],

—fRizv a7 EEE AN Y T 7O LIS RIT, EARZER A ERICEME TIRE
BHAREL, FRZIIEREZMD Z L S 2N TH D, 2O L) edRicx LTEEY 7Y » 7I13R
HThy, FHY 7Y U TIIEAINDEREPIEFIZRELS RO TLEVIERN TR 2D, £Z
THEDOZAR 2 R AAIZFR D, RO (rapidly mixing) ~ /L3 7EEHZ 5 Z & THERY
YTV T OEBERBET, 705, BROSAAEWRSAMICE O~ /v a 7EEERE L, +
SREBOWREZITNT  F LY TN EERT S, LIh > T a 7 BEEOPURIZ W THER O
B & BRI AT D DA DR Y ORE S DBEMR D Him S5,

WRBHRITHINGIZE 2 bvicv /v a 7EEICR UL, HBEERITHOBEAHEICERT5Z 4T
mixing time ODEENAIRETH 5 [45], T, Boyd et al IZIREEZEH] L HER T F7 7 DE 2 bivle~w /L=
7GR LT SDP CEIEFEEFE) ZfFE. H2EAMEORE S 2 R/NTT D HIEICONTHEW L
TW5 [5], LA UIRBZEBOKRE x4, HHWIEY A X&embd T & S 2 NEERtRITR LT, #HR
RITHIEGBIZE 2 bW, BAREZEHEEET 2 FEITEDE ZABENR D LT T
1,\73:1{\0

BIfE, ~ /L 7EE{D mixing time DEEEE L TELHVLN TS FEFa &7 % &2 (Con-
ductance) & Coupling#ETh b, T ¥ 7 & A5 Sinclair and Jerrum ORE L= FIET, «
NaATEHOWR S T 7 ETHRRORNEE R, a7 2R (AU SO®) 2#HET2FE
T 5 [46, 44], —77, Coupling IZH < S~/ a 7HEDOPR 2R THEE L LTHO LR TR
Aldous 28 1983 12 Z D FEEFFH VT mixing time ZHET 2 FELRE LT [3|, £7-. Bubley
and Dyer /% Coupling ¥ % B L7z Path Coupling IE&#E L., I LIHENRT VT LTS [T, 6],
—REZ A F g 2 AL Coupling IEE T H L. ¥ ¥ R KEITEL O~ v a 7 EEHITx



#£1.1. DEFEO—KEY TV o TICEEHET BAFEE,

1985, Diaconis and Effron [12], 2 T HIROREEDORSE
1995, Diaconis and Saloff-Coste [13], m* x n* A*’Ji%@%ﬁrﬁ_tﬁﬁﬁﬁu BRAERIE,
1997, Dyer, Kannan and Mount, [18] 2 ju/rHIR#Hzx LITRIBEO R EHEE,

1998, Hernek [23], 2 x n 53 EIR OB AR L —RRAERIE,

2000, Dyer and Greenhill [17], xnﬁ%%®%§@ﬁﬁﬁﬁu RAERIE,

2002, Cryan et al. [11], m* x n 53 EIFR D55 L HAR Tl — AR A,

2003, Matsui, Matsui and Ono [33], 2 x --- X 2 x n 53#|3 D55 2% 5 XF R Ul —BR AR T,
2003, Kijima and Matsui [28], 2xn ﬁ%’]i@@ﬁﬁ%lﬁ_ﬁﬁﬁfﬁﬁﬁ{ﬁ —RRARRIE,

(HFE: m*, n* I TZENENERTHDHZ L EEKT,)

L CHEMTOVRTWRERENE N ENENDIZR LT, Coupling HEIFHENNEEZ NEE T
el b2 A NREEMTZ D EEbiLTN5 [21],

~NaZEEHERAWEY ) 70 GTERY Y v Th D, LinL, YT T
T, EARICHB LRV IBEL TOEROMICHEIZES YTV TIIARAETH S, Tkt
L. Propp and Wilson IZHM TEL R&E TNV ITY XAEELZ LT [40], ZOT /T Y X AT CFTP
TTY XL (& 5L backward coupling) & FEIZIVEHK T LT Y A AL LTHEEZBORTNS
[41, 14, 22, 50], CFTP 73 ) X AIEEO /L I— RERAR~/Va 7@ LT, ~va >
BHEHOY I 2b—va e LTRTDHZETERAMIIBMEIIWEI VTV T (N=T=7 b
Vo) kAlfgl 9 5,

NR=T 2 v T VT EITIOFEELUTIZ3 DT 5, 1 DIXEHEDMIEBIES V7Y
yﬁ%ﬁﬁ:&f AENT A= BEETHVNENES DR THD, £ DHA. %yf)yf

TR T LT RAD—E LTEHND, ZOBT7LTY XADKEEDHEREZIT O 20OIT, EERT
f A DOBREDPVERLNWZ EITREEBIHITT D, ERFHEEDORWY 7Y VT 2B HHE, /3—
T MU TY o TTEPY T T XD S EWT AT AN LD, 2 0BICHEKR T LT
VAATHDHZ ERFTLRD, Fu#yf)yﬁfi EEIZITIEEDEOIES T HEGRI AR E
DEITH SN E G D - DITITBGRICE S W R OHB 21T O NERH H, Lo L CFTPIZE
O<Aw7:&%ﬁ/7)/7Ti\TwnJXAm%Tﬁniﬁ&m&mf HELY bA—F—
ELTRLI KDDL HREM L H D, 3 2BIZ, CFTP IZEIT 5 coalescence time & mixing time D M
BmEAIm SN TEY, %?TTEE?‘;/\~717 N7 ) U TREFTEE, HEEEREZITV, E
BRI~ L3 ZEEDOPORA B — ROEREEFiEE UTURERH 5, it V3ial—variz

BITHDORMEDOIEEE LTH, TORREMENER IATND

L#L\QWPTw:JZAi%®iiTi\vw:7@ﬁ®é%%ﬁﬁ%%?é%ﬁ%%%%&
T 5720, REFDOZWRGITK L TR TIER Y, MRET LI~V a 7 #gch D THFE)
(monotone) 723 B, BRAYAR CFTP 742U X ADFRFMNATRE L 72 5 [40, 41, 14, 22, 50], ZH
ZEF CFTP 703 ) AL MRS, —fRIZ THFZR] v/ a 7@EEORFHINEE T, 2k THEERIC
B3 CFTP 72 U X ADEF SN EFIED 70,

KL TIIDE RO —KEY 7Y 7 & Dirichlet DAIZHES V> 7V U T DOFENFRITK L CHGR
Rl a7 BEEAREZ LEF CFTP 73 X b 2&EHT 5,

PEIRITE 2 ONIATR, FIfNE-3 X o RIEABHEN G EK (T8 T, HitT —F2H >
BRrICHWSON D, SEIRICHTHHMEFHELEE UT, 17 EFOMNMHERHIT H 5, Fischer DR
L7- EMEREITE D DD EHETH 5, Diaconis and Effron (X5 EIR DM EDOKRE DER LT -
TW5 [12], EHREIIDHIREEFNZESTDHZ L TITbiLd N, REIROLFNZHIINETH L, EH
HlTiE. ERERE TS p ORI~ L 2 7 HEE LT i n (MOMC) AV b5,

2



DEIRO—RRAERE LT~ a 7@ E AV 5 FIRICBET 208135 < f#7E7 %, Diaconis and
Saloff-Coste [13] 12 2 e EIRIZX 5, FEfble~a 7EE ORI OV THE@mR L TW5D, 51T
FEIROITE, FIERAEEE Lok, Fibe~ o 7@EENLEARH TR T 5 Z L 2/~ L7z, Dyer,
Kannan and Mount [18] I 2 s/ IR OB &2 2 2 BEMTEZ 2 1CEE LI HmE TS A #P 24
ThdIhm L, #P B2 LIFEEICKT2HEEDO 7 7 AT, NPR#ED 7 7 AIZEL,
ZOHTHHBINELWHBEOZ 7 2L LTRBEINTWD 47, #H5IEZ 02 BT REO L7
EEiT 2R THO L a7 EEAZRRE LTS, BEUMBR+oREVE, EHORE L~ /La
7S IIITE S L O 0 E AR CIUR T 5,

21747 EIR T LT, Hernek [23] 133472~ /L2 78840 mixing time 23RO G FHE & FIE D% IE
RFHTH I 265 Z & &R LTz, Hernek 13~ /02 7#E{ D mixing time % coupling theorem %
WTRLTWA, Dyer and Greenhill [17] 1X 2473 8IFRIZx LT, S23IZPUR (rapidly mixing) 9%
L La7EHERE L, £O~ /a7 EHIIROEFEOER & F1H D 2% AR TR
%, 1 51%Z4% Bubley and Dyer [7] ®#2%E L7z path coupling D FEEH W TR LTV, Matsui,
Matsui and Ono[33] iZ Dyer and Greenhill DFEFR % 2 x -+ x 2 x J HEIRIZHR U, £z, KiLo
%5 CI% Cryan, Dyer, Goldberg, Jerrum and Martin [11] 13178 (E721351%0) EEDEE, Dyer and
Greenhill D~ /L2 78 % JE5E L7z 2 x 2 #4847 rapidly mixing THAZ & xar ¥ 7 % o AEEH
WTRLTWA, BIfE, D m x n 3EIRIZxT 5 rapidly mixing 72~ /L3 7B D FFAEIZ DT
IRERRIBAETH 5,

AL TR LD~ a 7EHARE T 5, R T 5~ /b2 7E8HE Dyer and Greenhill D~ /L=
EHEEOHRBEDO W ONEFHIBLIZL DO TH D, ZO~/La 7 T L, WREEZS RN KR 72 FeE /28 A
L., w/La 7@ OBEF 2R Lz, £72, #2815 ~/La 7EH O mixing time iE n(n—1)? In(nN/e)
THI2bND, 2L nld3FE, N ZROGEHELH H DT, ZDFEHIE Dyer and Greenhill &
[FlEk D path coupling #E& W TITo 7228, 6 O FEITITEWFILE S ML ECTh -7, Propp and
Wilson 1% [40] T, b L~/ba 7#EEHNZHEAREM O mixing time Z R HEF7Z2 5| coalescence tiem
HZEAHERDZ EERLTWS, ZOHEIZARGELNEMmEEATHZ LT, 2170EHIE
ICXET 2 S EARON—T =7 YTV T TATY RBEFE L, BELEZTAVAY XAD
HEMRBOHFHEIZOMPInN) TH D, ZORMBEITHP ZRARMBICH LT, —BRERI K2 LFIC
HA_TH LW & 2R 5 EERMFBRE VR D,

Dirichlet il ZAEME RF DL < OFFEFIERICE T 52 ZESMOER, FESMELTLIELIRE
b, AYERFICBOT, BT —2 10 GEEO) BEEZSIER BB T2 RO 57008
J17EEE UTHEHOFEIIACHVLN TS, ZTRHDOFELELTEM 7 ATY XA wLay
HET T rak, Gibbs Vo7 —0HIF b5, Dirichlet SAAIXZESH BT H /37 A —H
DIBEHEFIDA RO T, ZHHDFEOLIESMOERH D\ ITEEMHER L LT LIZLIEHNS [42],
7= & 1%, Niu, Qin, Xu, and Liu 13 EBIZXT 5T 4 S ¥ A TOEE ZHEROIZED DAV
TonTad A THEEEZRZEL TS, oflE LT, Pritchard, Stephens, and Donnely Of:E
MEEHE T LT Y XARET 5N [39), 207 ATY XATIEMCMCEEZHWTNS, Zib
DHNZF T, Dirichlet 37134k ~4 RIRITT T, RABRNRNTA—F &L oTHND, L7eh->T, EE
DWTT & /XT A —HF % FiD Dirichlet 3NV TV o T EAITZ DB T LTI XLARLEEND,
Dirichlet 23 AF 1L RAREAREL & 7 VABHERBOREOKRE S ZREDL Y [30], LB RED
BIGR & TR B 72 D A XN AAT 5 24T DB b IV HD [9], Burr 13 [8] T, M4y Shviz fHEM
HOALDT VL OSZHITRT 2 BB R O A& Dirichlet 2345 2 W T\ 5, Kitada, Hayashi
and Kishino X RHER & AR 72 RER O K& & & ORI O BIRHIEEEEDHEE 2 Dieichlet 4347 Z2 ATV
% [29], Graham, Curran, and Weir IZIEEFZD 72O D~ A 7 a¥7 T A NEMIZXT 5 FRH4TEE T
AR o BAE S 0 12 Dirichlet 2347 &2 FV T 5 [20],

G##?) Dirichlet 3 H DY TV ZOOESOSEE LTREAY TV 783 b5 (15
), LRI A=EP/NINE | n=20D55 (X—257%) TIAREHOHRIITICRES k>



TLEWVWRT A —=FEPN/NINE X IRTRN, o FEL LT, #EREBEE{k L. Metropolis-
Hastings 7/v3 U X L& W5 FERH 5, T4, Matsui, Motoki and Kamatani 23B#{t Dirichlet
DANZVED YTV T DD~ a 7EEEZRE L TV D [32], £ O~ /L3 7 EE{D mixing time
X (1/2)n(n —1)(1 +In(A —n))loge THEZ L5,

AR L TRE T 5~/ a 7#EET Matsui, Motoki and Kamatani @~/ 2 7 HEEOHEBE DU Dh
ZHIR LSO T, R TIFBEBILN—Z 534 (2 RITO Dirichlet 347) (ZHE D HERAR O ALK %
179, £/, /a7 @EHDKRBZERIZ 21T EIROGE L RROFIEFEMREZEAT S, LavL, #
BHEREN R TRV, HHEOERIIAEROEGE O X 5 I Cld/e < ‘alternating inequality’
EEALTRLE, #ET DL a 7HEEOXMBOFHEEIT (32) LT T, 74T ) XLHTHE
R ORI O3 InA) TH D, #-T, nA O(ne) LV /hSWVWE &, AEIEET S FEITT
PHEL Y LS, LSO DRELAT FMVITER 30 IEEIZIED

AL ORERITLL T O X S 127 TWD, ROFE T~/ a 7EEOIRMEICBEET A %ED 5 B, K
AMSCICEEBR T2 2 DOFIEIZONWTIHEAR D, F3IHETIE 2 x n BHEIRICKTHHF Lo 7E
FHEMREL, CFTP 7 A3 Y ALZESWY 7 ) U T EERET D, F 4 3 CIEBEEEE Dirichlet
DIHEDFH LW~ L a ZEGEEZIRRZE L, CFTP 73 ALICESWY 7Y v FERRRET 5,
FEOETAMLEELDD,



F2E

I TEEDINEEICEET 2BEFEOME

AREETIE, /a7 EEOPRMEICBIE T 5 BEEO FIEIC OV TR %, 5 1 #iTl% Bubley and Dyer
D$EZR L7z Path Coupling {22\ Tk, % 2 #iC Propp and Wilson ®$2% L7 CFTP {22\ Tk
RB, FHIFMTIIEEY 7Y o ZIZE T B mixing time & CFTP 1251} 5 coalescence time O BE4%
IZONWTIRR 5,

2.1 Path Coupling

Kim L TIIEREEROEE L R TRL, E18H GEAEE. EBER) 2R0KREGE2 TN EN L
(Zy, Zyy) TEY, AROIREBZERM Q EHEBERITHI P 2 b O3V a7EHMEER D, v/NVvaT
B M DB (Girreducible) T2 LIIEED 2 >ORE VL, Vy € QIZx LT, 3t >0, Pr(Xt =y |
X0=2)>0ThdZLE5H, £, vva7#EHE M PR (aperiodic) ThH D Lix Ve € Q,
ged{t € Ziy |Pr(Xt=2 | X =2)>0} =1 %59, =L ged ITRALKEE KT, BEKTIHE
R AR~/ 3 7 #EHEZ TILT— R8I (ergodic) EWEN, ME—DEFEDMER D, MRS ILES
DA —BT B,

WE, A — R~ v a 7 EE M IZEE M © 2Ro L35, /b3 7HEG M A reversible
THDHEITROFERXPHKVIOZ EEF D,

Va,y € Q, n(z)P(z,y) = n(y)P(y,z).
722U Plr,y) i3 by ~OWBHEELRT, ZOZ LI3ES c> 01zxt LT, B¥g(z) = en(x) 23

Vr,y € Q, q(x)P(z,y) = q(y)P(y, ).

-9 EEMTH D, EDEXE detailed balance equation £ VN9, /b2 7EEHN detailed
balance equation %7z 9 R, M-HE#EH L HF 9,
Rl —DOHBRIRIEZER Q LD 2 DOMEEGA 11 & vy BE X DLINTERE, 11 & vy OIORSTEERE (total

variation distance) X

ef. 1
drv(v1,19) def max {Z(ul(aﬁ) - yg(x))} =3 Z |1 (x) — vo(z)]
€A z€QN
EEFRIND, REELEM Q 2FF o=/ I— R~ /v 3 788 M 23 LT mizing time I3MEEDIE
He<llzxLT
7(e) et meaé({min{t | Vs > t, dpv(m, Py) <e}}

EERIND, L, mid~AVa7EEMOEESME L, P IR Er € Q & LTRAZI0 726
DG s > 0 £ THRB SETRF O~ /L 3 7E#EE M ORERDMET D, 7RI T =1(1/e) & mizing
rate & M5,



& D Coupling Lemma 2 < 22 HEI LA MET, =/ — RIYR~ /b3 73— D EH oA
R 2 Z L 2RTRBUICHV LS [3, 6, 22, 21],

FEHE 2.1 (Coupling Lemma) fEREH X, YV IR —DIREZER QIZH Y, ZNEIVERDA u, v
L7239, ZORdry(p,v) <Pr(X #Y) =3, Pr(X =2,Y =y) BKY L,

AEER: WS A C Qidmaxaco {D,ca(u(s) —v(s)} #EBLT DA LT D, ZORE

dy (j1,v) = max {Zm(s) - u<s>>} = 3 (Pr(X = 5) = Pr(Y =)

ACQ
seEA

ZPr( =5s,Y #5s) <ZPr =5Y #s)=Pr(X #Y)
sE€A* s€Q
I VEEEED, O
WK ® Path Coupling EH X mixing time ® EREZHET H-DDOHRHORFEOOESDTHS, T
O FEHIX Bubley and Dyer ([7]) OA Y P FADHDIZx LT, BEOE I OBEMZKE L TR
RPEZRDD B/NEREd 28 AT 25 Z & TREROFEHANTZ Z OEBIIARERR S D TIXRU,

EHE 2.2 (Path Coupling [7]) IREEZER] Q Z RO~ /L a2 7H#H M IZm LI — R L35, BB
757G = () HHAER Q LEIA € C (2) B, BRI T B, VE, HORSE
1:&E—-Ry LT3, 797 GOEEOEAM {x,y} IZxLTa & y OB OEBEZ d(x,y) &5
d(y,z) TRL, 2 yDVT77 G LOREAADES LTS, HELAAOES LTI EOFOK
BEDEFHTH S, WX coupling (X,Y) 2%t LT coupling DH#R (X,Y) — (X' Y') BFEL T, X
BEIOY IZET 5 BEOHERBRER D M IR

0<3B<1, V{X,Y} €&, Eld(X',Y")] < Bd(X,Y).

%?ﬁt’ﬁ‘k‘?‘éo \_0)5# ~ /L2 7 #E M @ mixing time 7(e) 1L 7(e) < (1 — B) "L In(D/de) %7

+, 7L, dY mm{d(:c y) | Vo,Vy € Q} & LD max{d(z,y) | Va,Yy € Q} T %,

FEBA: BEZIt > 01ZBWVWT X = XU oA pt IZEWV, Y = YEREFE DM 1 il TWVH ET D,
Coupling Lemma & V. EEDKZ] ¢ 1Z%f L T,

dry(pf,m) < Pr(X'#£Y") =) Pr(X'=2Y"=y)
TFy
d E[d(X*,Y?

Thbd, WEAEED XY € QIR LT, BRINX = 21,2,...,.2, =Y (Z; € Q) BIFELT
AdX,Y) =SV d(Z;, Zi) & T B, EHOEED D

Eld(X",Y")] < B[S0 d(Z, Z}4)) < S0 ElA(Z], Zi44)] < Bd(Zi, Zisa) = PA(X,Y)
PELNE, ZZTRNXEEFL, t = —InpIn(D/de) < 7(e) = (1 — B) L In(D/de) #RAT
¥

B, YY) _ d(XL YY)
d d

NSRS O

<p



2.2 Coupling From The Past

A TIE 1996 4E1Z Propp and Wilson ®#£% L7z Coupling From The Past (CFTP) {22V TRk
%5, CFTP DT AT TIIUTDOEEBY THhDH, =Nd— R~/ a7 g BREHBE S5 2 &
T, EWQMICHEIWED T F LY TNE/DHILENTED, WE, (REMIZEROEE) L
REHER LTV D v/ a ZEENFET 52 61X, 20~ /va 7 @B OBEORIEILE R 7540 (R
WD T HF LY TNThHD, ~ /N3 7 OEEHDBFEDRED, HEDH HRROREIZK ST, Bl
RERIZH T HME—EBIR[REZDIRETH D &L W I FEILAE D=2 b Z OIRIBIXEF 240 I2HE © fe=E
BERTHD, Zihn CFTP OFRETH 5,

HRROIRIEZER Q 2 b 6, HBHEEITS P 2 b o~/ a 7EgE M it, BETHEES, bbbz
d— Ry E 35, M OHEBHANL, —ERELELE N € [0,1) D52 bNVEEE, update function & FEIZIL
LB ¢ : Q% [0,1) = QITLo TR E4 5, Z Z Tupdate function (X Vz,y € Q, P(z,y) =
Pr(¢(x,A) = y) D7z SN TORITIUER S 2, ELEFIN = N\t [t +1],..., M\t — 1]) €
[0, 1)1 REZ 5HTREOREA] t 23D ty ~D M OHER b RERIBIM 012 (2, A) : @ x [0,1)2748 — Q
TEREEND, 2L, B 4, by (< t2) IR LT @22, ) L 6(e(- - (¢, A[ta]), - -, Alta —
2), A\[ta — 1)) L EET 5,

D DHEfEE VT, EEER R CFTP 703 U X AU TO L iIciik & n s,

73 XL 1 (CFTP)
Stepl. ¥ =2 b—Ta VORBRKLE T = -1 3%, ZHXNEHET S,

Step 2. BT, AT + 1],... A[[T/2] — 1] ZAERK L, I OEEHIZFHEAT L, $2bH, A =
AT, AT +1],...,A[-1]) &7 3,

Step 3. Q DETOIREEIZOWNWT, ELEFIN ZHWTHZ T 22 HFE 0 £ Tv v a 7EEA B S 5,

(a) bLIye QU VreQ, y=3%(z,\) ebify KL, #1735,
(b) 5 TRITNIE, ¥Yab—ra VORKBRLE T =2T L LTAT v 7 2IZR %,

EHE 2.3 (CFTP [40, 14]) AR~ /L2 7#E M T/ T — FRYTIREEZZM Q 2 % 5. update function
¢:QAx[0,1) > QTEREINTWNDLET D, ZOK, CFTP 7 /LT U XA (TTY XL1) DHESE
1 THRTT 2720, BONDHEIT M OEFEDMIEE I D BEEROEBETH 5,

SEBR: TAITUXLINKTLEETD, GofEEzy s L, BT LERORKEDOY I 21—
Y OYIEEL % T < 0, HBIZHE S EIEDFIE N = TN +1],...,\[-1]) £T5, WE, —HREL
B[] E<Vs' <T)ZRAERL, N =A\tLAE+1],... AT — 1 ATLAT +1],...,A[-1]) &35,
T A (T <s<0)ET7/VITYXLATHLNZEKMTHD ZLITEET S, O, 2w
o 7 BGIIRZ] ¢t OIREE 2 € QITH L THREZI 0 DUREE O0(2, ) X PLICRED TV H 2P TNV Th
%, a7 EE MIITT LT — RO T, Ve, < T,Vz € Q, dpy(PLw) <e BV LD, —H,
CFTP 7T Y RATHLNEF T /EIANS] (t <V <T)IZE BT, y= Y (2, A) = ®Y(2, N) &
75, Lo THELXSS, O

i 2.4 AIROIREEMEFDL, HBMEOLGZ LNIAEEOT /LI — NIy~ /L a 73X LT,
R 1 TP T 5 X 9 72 update function B FET 5, [ |

FATY XA 1K LT, coalescence time T, % T, < min{t >0|—-t>T, e, Ve e, y=
PO, (2, A} EEET D, EEL AN = A\t \[~t+1],...,A[=1]) Z7 ATV XA h6ELNEEK
FIThHDH, WO T, IIHMEERTHD, £z, 7T XA 1OHF Tl coalescence time (FFHIZ K
EORNVILIZEENLETH D,



ER 23 K0, EREFF OV I 2 L—3a UREERD (HERIIC) FAREEMOT7 VT Y XLATHLN
5y LU, ZOTATY XLATEQOREHKEIDOS I 2 L—a VETILERDH D, REKDOS
WQIZK L TCEERPRETH D, AP D L, w/La7EEICHLBERTHFAENGTEET L20
X, ZORMBEIIMRRT 5, WEIRREZEM Q OBREMEICRT LT, PIEF = DHEET D EINET S, b
L. Z2TDz =y (z,y € QITKLT, d(x,\) = ¢(y,\) BEAREINDEXONTZREFTHRY AL
O BIX, FOHBHAIZHEFTHIEESHIZ LILTH, -, FOL O~ a 7EEHIIH LTS
HFATHHEE I Z &IZT 5, ZORRDERDEY LD,

EIE 2.5 (HF CFTP [40, 14]) update function ¢ TEZE Iz~ /b2 7 HEITEIEFES (Q,-) I
BILTHFATHY ., Irmaxs Imin € Q, V2 € Q, Tmax = T = Tmin & H, ZDORECFTP 73 Y X A
(FATY X51) THERTTHRTL, e Q, Ve, y=0%z,\) & ®%(Tmax, A) = PH(Tumin, A)
THEMTH D, [ ]

~ VA T EBENER 2.5 OFRMEGET TR, TAA Y A5 1D Step 4 (a) &
Step 4. (a) B L Jy € Q, y = D% (Tmax, A) = % (zmin, A) R DOITy KL, EIET 5,
TEEXMZDZENTES, ZOT /)T Y X A% monotne CFTP 7 /LT U XA LIS,

2.3 Coalescence Time & Mixing Time

CFTP 73 Y XAIZHIT 5 coalescence time &Y 7Y 72BN T~ /b a 7 HEOIUR D
S OFEEE L 72 5 mixing time & OFICIZBRI H 2D Z & BH BTN S [40, 14],

9. UTO#ERERSICT B0, CTTF (Coupling To The Future) % &7 %, i CFTP
MY R 2 b— 3 OYIHIRZ Z RIS T T e DITR LT TR RRITHED T V2 b—
varThb, THOL CTTE &IXQOETOREIZOWT, FEEOELEFIN = (A[0],A\[1],..., \[T—1])
EROTRZ 0D ORZ T £ Tv a7 @Hs MBI TS5 L5459, CTTF @ colaesce & Jy € Q,
Ve e Q,y=ol(x,\) LEH L. coalescence timeT™* I% T* et min{t > 0 | ®f(z,\)} L EFT 5.

ZDWE, IROMEDEK Y 3L [40)],

il 2.6 CFTP 7/ =3 XA ? coalescence time T, & CTTF @ coalescence time T* I3fEREL T
D, HEREET &L T, IZXLTKRDZ ENEY D,

Vit >0, Pr(T. > t) =Pr(T* > t).
B N[0, 1) I LTIeQ, VeeQ, y=3%(x,\) B SO, [Fl—D XNk LT
Jy e, Vz e, y=>(z,\) bRV LD, FEREEIIA €[0,1) 1T —HRELKELKLDF LT 5 &,

Pr(T, >t)=1-Pr(T, <t)=1-Pr(Ac{Xc[0,1)) | FyeQ, Ve e Q, y=3",(2,\)})
= 1-Pr(Ae{Ae[0,1)!|Fyeq, V2, y=(x,\)}) =1—-Pr(T* <t)=Pr(T* > 1)

LRy EEMRIND, O
R 2.7 HREHT & T, 12k UTE[T,] = E[T*] 239 3L, [ |

WIZ, HfHZe~ o 7@#E{IZ-O0V T, mixing time 2> 5 coalescence time O¥IFHENFEETXHZ &
Z 7Y [40],

EHE 2.8 \E, REEZEM Q%2 H 5, update function ¢ TEZRINDH~/La 7EE M ITHEFE L, &
W53 % 7, mixing rate & 7 &9 5, ~/b 3 7 EEHOH)EF O X RBZEM (Q, =) HORKRIC & /T
BENEN Tax BEDP Tpin TR, T2 THIEFOSREZMPIZ (RS hEERT D, Rz D



mI%Z h(z) THLOL, FEED z = ylZX LT h(z) > h(y) &7 5. £72. h(@min) = 0. h(Tmax) = D
L, 4 min{|h(z) — h(y)| | ¥(z,y) € Q2, h(z) # h(y)} £+ 5, ZOK, CFTP ® coalescence
time T 1 E(Ty) < 27(1 +1In(2D/d)) %727

BEBA:  WVEL HIHEREE 2o 2D Kk EIv L THEA R SEOREE XF ThHHLDb L, MIHNRE
Tmax 23D kBl /La 7HEEH A HEB S TREE X TH LD, 22T, a7 EEHOEBMEL Y
XF = XE DAY S0, ZORE,

Pr(T* > k) =

<

IN

IN

<

BV D, ZZT

Pr(X # XT)

é > [PY(XS“ =z, X7 = y)h(y) — Pr(X§ = 2, X{ = y)h(m)}
zeQYEN
é (Z D Pr(Xy =z X{ =yh(y) = > > Pr(Xy =z, X{ = y)h(m))
e ye EQ yeN
(Z Pr(Xf =y)h(y) — > Pr(X§ = :c)h(x))
yeQ z€Q
é (Z e (D) (@)h(@) = Y PE )h(x))
e e
é ( (P (@) = m(@)) () = Y (P (2) — ﬂ(x))h(:c))
e e
é (rglgg {;(mex () — ﬂ(x))h(:c)} + max {;(w(x) o (x))h(:c)})
D
" (glgg {;(mex (z) — 7T(37))} + max {;(W(x) - Pr (a:))})
% max {dT\/(ﬂ', P )}

e=Pr(T* > k) L32L. HLREE (submultiplicativity [40]) £ V. Pr(T* >

ak) <e* &2H5, ®xIT

E(T")

= Y CUPr(T =1t)
< kY- k)Pr(TF =1t)
< kA EPr(T* > 1) + Y52 (t — 2k)Pr(T* = t)
< k+EPr(T* > t) + kPr(T* > 2t) + S 4.°(t — 3k)Pr(T* = t)
< k4 ket ke?+--
_k
Pr(T* < k)

155, v a7EH M O mixingratez T &L, k=7r(1+Im22) &5 5L

-

2D 2D
Pr(T* > k) < 7mgx{dTv(7T,Pf)} < - <

N
=}
|

(§]

o

Pr(T* > K1 + Ka) < Pr(T* > K1)Pr(T* > K>)



#/hH, LIER-T

2D

N

2155, O
WBRIZ~ L 3 7EEH D coalescence time DHFFHED & mixing time B ET A EHERRD, ZOD
EEIZOWTIRARTWA CERIE Z 37V E TIZEEW A, Propp and Wilson OFERNHELS Z LN TE 5,

EE 2.9 AROKEEMQEL D, HBHERP 2 b OHEFAR~YLVaTEE M OEHESMEZ T TH D
DY, w3 7HEE M D coalescence time DHFHE E[T,] 25 2 Hiv/cke, ~ /L= 7EEH O mixing
time £ 0 < Ve < 1, 7(¢) < E[T,]e ! THIz BN 5,

SEBA: WE 2 0OREREE XF L YR IX, TNENYIMIRE 2 2 5 kEl~ Lo 7 @ A R SR

L35, ®H 2.1 (Coupling Lemma) 7225, v/ a 7EENHEFTHHZ LITHEELT, VkeZ,,
dry(PF,m) < Pr[X* £ V¥ < Pr[X} # XF] = Pr[T* > k] = Pr[T, > k]

Thb, L, XEBLIOXF I, TNENHIHIRE 21 BE D 2ax 206 CTTF 217072 & & D

R k2B T AIRETH D, T, DIEAMEND,

KPr[T. > k] =k Y Pr[T. =] <Y tPr[T. =] = E[T]
t=k+1 t=1

DR DD T,

dTv(PIk,TF) < PI‘[T* > k] < E[Z*]
Thh, A 1(e) LED T B,
E[T]
7(e) _EL]
dTV(Px ,7T) < E[T*]Sfl
LR EEEED, O
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i

g3

2ITNENRD/IN—T 4 FHUTYUHE

ARETIHEZ OGN ERT- 3 2T ERE —ROMITEHBE IS 7V 7o Tk 5B,

31 HYoJY 5 7ILTYXLAL

2007 flr = (r,r) €22, &, 8= (s1,...,8,) €ZT | YT = >i—18j=NE€Ziy
i3T5, ITMBLOFIFINZ bV (r,8) ZFO2 x n REIROER = %

z] L X[i,]] = ri(1§Vi§2),}
Sy X[i 4] =55 (1<Vj <n)

CEFET D, L. X[, 13 it jFIOEEERT,
LIFT. r&slaxtd s E 2REBZEME LTROH L /ba 788 Mo 28RET 5, LEOITO
wxgje{l,...,n—1} iz LT,

g def- {X € 72xn

aX()—X[ Jl+ X1, 7+ 1], (3.1)
bx(j) L X[2,5] + X[2,5 + 1], (3.2)
0x(j) = minfax (5), bx (4), 5, 5501} + 1. (3.3)

EEFRT D, v/ THEE Mc OHERBITIRD update function ¢:Zx[ln) > EICL-oTERIN
Do HDHRZOIRE X € Z12x LT, IROKFZIOIREE X' = (X, )\) € EIFELKEK N € [1,n) 2L~
TRDOEDITRE D,

min{ax (j),s;} — [(A = [A]) O0x(j)] (=LA,
X'[,5) = § ax(h) = X'[1, [A]] = ax(j) —min{ax(5),s;} + [(A = [A]) O0x ()] (G =[N +1),

X1, 4] (otherwise),
X'12,5] = 55— X'[L,5].

Z D=3 7@ Mc X Dyer and Greenhill D2 L7z~ /L2 7@ ([17]) #HE LD TH 5,
B 5002 Mo I3ER TR CHEBHW RO T LI — R Th S, Z 0O~/ 7 T — ko5 &M
DEFEZME LTS,
ST, 2 OOFRIREIR Xy, X, e E%

def. .o . . .
XU = (X[Z,]]€Z+ ‘ 31{76{17---7”}7 T1:Z§:1X[17]]SZ§:13¢ X[27j]:0(]<k) >7

X, (X[i,j] €z, ( Je L. n}, =0 X[ <S8 X[2,4] =0 > 1) )

£795H, TIT Xy, Xy BFEZNALERBROFAL L CILEBORA TCHONAIRTHAHAZ L%
Hmﬁéo
WOTNTY ZENEKGHGLTRETHV T THETH D,

11



3.1. 1T#0 (12,18) & &IFn (5,4,3,7,5,6) DE 2 SN DEIRESITHNT D Xy & Xi.

FILIY XL 2
Step 1. BERNCEETA0IMIEA T = -1 L L, @EIC#D, 25 ANE2HET 5,

Step 2. —FRFEELZLNT), N\[T+1],...,\[[T/2]-1] € [1,n) ZARK L. X = AT, \[T+1],...,A\[-1])
L5,

Step 3. FZ T IZRT 5 2 KD~/ a Z7HEGFORELZNEN Xy & X1, L, HEOEFIX ZH T
update function ¢ IZfEVY, v/ a 7HEEZRL T 2 HRZI 0 ICED L THR ST 2,

Step 4. [Coalescence check |

(a) HBLIY €E,Y =30 (Xy,A) = (XL, A), BOIXMEY #iE L., #FI1ET 5,
(b) b LZSTRITFNIE, WZl%E T :=2T & LT Step 2 IR %,

ETE 3.1 7TV XL 23R TEIELT, 2EFKE2 1 HNT5, ZORERILIE EO—KDH
W20 D ERER O EBRETH D,

FEHILIITNITY RL2NWNR—=T 27 U T U THETHDH I & REET 5, RO/NEITIL, #
R~ Va7 BEEOBRFELRITZ T, EFH 31 2R,

3.2 TIIaJEHEHOERMY

218 T2 ODOEMEMT Uiz, LIchB->T, EE31 2R TITE7 VY X4 20357 CFTP T
HBHEERTEIEL, ZOEDIZ, ZO/NETIEE RIPHEFRZEAL, Xy & X B3ME—- 0Kt
BIOBNTOMTHDHZ L L, w/La7EE Mec BZEFTHDHZ L E2RT,

EED X € ZITxt LT, REMAY ML (cumulative sum vector) fx € ZT %

Caet [0 (i =0),
fX(Z) - { X[1,1]+“'+X[17i] (iG{l,...,n})a

LEET B, UL fx D (£x(0), fx (D), ..., fx(n) THB, ZOEEPLHLMI, E& {fx | X €
=} ORICIZREHBEET 5, [EEOR X, Y € T LT, X = Y OUE+SEME fx — fy >0
LY h, 2TEME -7 BE LOIERTH D I LIEFHA LN TH D,

£, COHEFEAICEIT B RAT L RATICONTE L B,

fHRE 3.2 5x DN HIEFRES (Z,5) ICBWVWT, FED X € ZITx LT, Xy = X = X 23V
DASN

12



AEBA: BALNT, VX €5, Vie {0,1,...,n},0< fx(i) <rp BV IS, £F, EEDO X € ZiTxt
LT fxy (1) > fx (i) & i \ZBT 2IRNE TR, i = 01ZR LT fx,(0) = fx(0) = 0 3LV 322, WE
Ixo(i—=1) > fx(i—1) LAET D, ZOWE, fx, (1) = fx,(i—1)+Xu[l,i] = min{fx,(i—1)+s;, 1} >
min{fx (i — 1) + s, m1} > fx(i) B2, LEBRoTEED X e ZIZx LT Xy = X 2155,

WIZ, EED X € ZITH LT fx(i) > fx (i) & i ICBET 2I/METHRT, i =n X LT fx(n) =
Fxo(n) =7 DD LD, WE fx (i) > o (1) ERET B, ZORE, fx, (i —1) = fx, (i) — XL[1,1]
max{ fx, (i) — 84,0} <max{fx(i) —s;,0} < fx(i —1) BEKY D, LI=B>THEED X € E1Txf
TX = X, 1% 5,

WE XY €ZIZH LT, 5 kBFELT

O

1 (i=k),
0 (otherwise).

fx (@) = fy(i) = {

BIRVIMDEE, XD (KT) Y Z28BE (cover) THEFWV, X-Y (FLF X~ Y) THHD
To TR0H X - Y OLEA55MFI

+1 (i=k),
XL, -Y[Li=¢ -1 (i=k+1),
0  (otherwise).

TH D,

fHRE 3.3 HARD2OOREX)Y eSICRHLTX =Y BEVIHEE, 3Z€E, X -2 -Y
BN

SE: RO 2ODBRAEEZDVEND D,

1F9, I €{0,1,...,n—1}, fx(K) > fy(K) D2 X[1,K +1] < spy1 DHREEZEZ D,
WAFEIT EOERBEWTZTRAOLDETH, ZOKE fx(0)=fy(0)=0XLVHALMNZE>1
Thbd, ZZTX[LK >0%m57, bL fx(k—1) > fy(k—1) bl k Of/END
X[LE =s,>0Th5b, fx(k—1)< fy(k—1) D, X =Y »b fx(k—1)= fy(k—1) T
bV, X[,k = fx(k)— fx(k—1)> fy(k) = fy(k—1) =Y[1,k] >0 Tbh b, L7zi>THE

RZI%
X[Lk -1  (=k),
ZIL = { X[Lk+1+1 (=k+1),
X[1,1] (otherwise),
Z12,l] = si—=2Z[L1]] (I=1,...,n),

DEIICEDDBLE ZI1XZ =202 X -Z2=Y ThhH,

2. Wiz, VK € {0,1,...,n—1}, fx(K) > fy(K) = X[L,K +1] = sp11 DBEHEEE XD,
LIFCIEVE €{0,...,n—1}, X[1,k+1] > Y[1,k+1] 257, b L fx(k) > fy(k) 251E HAE2
DIREL YD X[1,k+1] = spy1 > YV[LE+H1] TH B, 20L& fx(k) < fy(k)RbIE, X =YV X0,
Ix(k) = fy (k) 32 fx(k+1) > fy(k+1) Th b, LEBoT X[, k+1] = fx(k+1)— fx (k) >
fytk+1) = fy(k) =YL, k+1] Thd, VWE X[1,1]+---+X[L,n] =Y[1,1]+---+Y[L,n] &
D, Vke{0,1,...,n—1}, X[Lk+1>Y[Lk+1 206X =Y &RVFETH S, O

ROMEIT~ V=2 7 EEHOHGEL RS ETRERD VD TH D,

WBE34 HLL2OOHBERIZREXY eS8 X =, YV 2 5IE, VA€ [L,n), o(X,\) = (Y, \) B35k
URVASN
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SEBA: fHO7ZD X' = ¢(X,\) BLOY' = ¢(Y,\) TET, £EOEHE2T i £ |\ T LTk
fxi(@) = fx (i) BED fy (i) = fy (i) BHLDIZRY MDD TEHRORE X =Y £ fx: (i) — fy (i) =
Ix(@) — fy(i) >0 BV LD, 2T Ti= |\ ODEEEEZEZD L,

() = fr((A) = (Fe (I =)+ XL ] = (A (LA = 1) + Y7L [A]])

{fx(IN =1 = fr([A =D} + (X1, (A ] = Y[, [(A)])

{Ix(N =1 = (A -1}

+min{ax, sy} — [(A = [A)) 0x] —min{ay,s|x)} + [(A = [A]) Oy ].

{An+Ae (1A # & +1),
|=k+1

1+ A+ A6 (A ),

ThbH, 22 Tax Lax(N\]), ay L ay([A]), 0x L ox (M), Oy oy ([A]) THY ((3.1), (3.3)

def.

= == [A]) Ox] + (A= [A]) bv] &£F°%,

1. I_)\J = k—l@%é\%%iéo DL E ax = ay—i-lZ))ObX = by—l‘(“&)éo 7C7LCL\

bx = bx([A)), by by ([A]) ThB ((3.2) BH),

ZH) . An et min{ax, sy} — min{ay,s||}, Af

(a) H L ay > S|\ fi%l‘fAn =022 0x < 0y BERYVIND, LTEDB-TAI >0&ERD,
fxi(IA]) = fy([A]) = 0 B3 Y S22,
(b) %)I./ay<$pd fi%lﬁfAnzland Ox <Oy + 1BV ND, LIER-STAI> -1 &40,
fxr([A]) = frr(LA]) = 0 2369 322,
2. N =k+1058%5EZ2x%5, ZOL&ax =ay —103Dbx =by +1 Th 5,

(a) %LaXst RHIX1I+An> 10200 <Oy +1DBKV D, LTeRn->TAI> —1&
20, fx([A]) = fy([A]) =2 0 23D 322,

(b) HbLlaxy < S|A fi%ffl—i—An > 0NV ND, WEaxy +bx =ay + by = S|A) +SP\J+1
MOy < Oy IEETBE. A0 > 0TH Y. Fro(lA]) — fr (M) > 0 BEkY 325,

3. %ﬂﬂ%@%/ﬁ\ TRbbH I_)\J #k—i—l IR I_)\J #k—ld)ﬁ#\ ax = ay, AnzO, AO=0 &7
D5 fxi(IA]) = fyo([A]) = 0 B30 S22,

UEEY fx > fr BRO LD, LER-T (X, N) = (Y, \) 215, 0

/8 3.5 v 7EHE Mo ITEFATH S, ThDOBVAE [Ln), VX,VY € E, X = YV = ¢(X,\) =
d(Y, ) DY LD,

SEBA: FHEZRD 200K X)Y €eEN X =Y &/, #E33EMV IR LEHATSZ & T, oEl
ROINX =Zo, Z1,..., ZrR=Y DMFELTCZ €Z(0<i<R)DDZy->=Z1-= = Zp&IDT &
PIREND, LENR->T, i34 X 0VEEDONC [1,n) 1T LT (2o, N) = ¢(Z1,\) = - = ¢(Zr, \)
MRV D, Ko TVYNE [1,n), ¢(X,\) = (Y, \) 2455, a

Bglic, BELETAITY XN RN—T =27 "YU T Y THETHHZ EERT,
FIE 3.1 DH: WE35 LV~ a7 Mo IZEFATHY., ME32 LY Xy & X identh

ME—DERBIOR/NTCTHD, LEB->TTATY XAL2ITHEFHCFTP THY, EH23BIOE
B2 ML EH 31 2155, O
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3.3 7I)IL3dYXLOFHERR

IR, 73 ) XLAOFRERFIZOWTERT 5. ZOHTIIROXMEELRET D, ZORMIT
IR OZEHAM: 2 RET 5 ETARERNTH D,

ZH 3.1 FFRT FbsiEsy >s0> - > 8, Bl
WROEBIIARR L O EERFEROOESDTH S,

T 3.6 £E31DTF, 7ATY X5 2 OFHEFMOLEHEIZON InN) THD, 727121, nldFk
ThHY, NIZEITRERTHIEDFIROMEEL T 2,

LAFClE, coalescence time T, € Zyy #HETHZ & TEH 3.6 7”7, 7272 L, coalescence time
2T, Y min{t>0]IyeQ VoeQ, y=3%(2,A)) EEBESNIRRERTH S,

2.3 fi TR _7= X 9 IZ coalescence time & mixing time OEIZIZBMRR H D Z ENH LTS, £
T R Lo~/ a 7EE Mc ® mixing rate % path coupling EEZHWTHEHET S, ZOMEIZE
WTEHEBLIZEETH S,

1HRE 3.7 &M 3.1 O T TRE Lz~ /2 7HE Mc @ mixing rate 713 7 < n(n — 1)%(1 + In(nN))
A 729

{1t

At

SEBA: HWMMER 7T 7 G = (5,6) ILEREAR S LIRICERT HHES £ 2 b0, EEOIERR {X,Y}
W ETRT 2MELHRMIT (1/2) Y5 XL - Y[Ljll =1 &2, IbMCT 77 GiidiT
b5, He={X,Y}e&lzxt LT, Ma—DIRZFX j1,j2 € {1,....,n} BFELT

. . 1 (J=7J1,52),
i a-via-{ o G
iz Y, ZOWRZAFOREE e OXFFR (supporting pair) EWES, £ e OFFxt {41, jo} ITH LT
§* =max{ji, o} >2& LT, BeDESIe) &1(e) D (1/(n—1) X0 n—i) TEHTS, =2
T 1 < mingeg l(e) < maxeegl(e) < n/2 ICEBBLETH D, (EED 2 000E XD XY € 21T
LT, HEEd(X,Y) X297 GLETOX &Y ORERKLEHRT S, WO GOERE. T47b
Hmax{d(X,Y)} iZnN THI 2 b5, EEHEORIOERNDL, EEOK {X, Y} e £lzxtLT
A(X,Y) = 1({X,Y}) DSHY 32,
W12 coupling DHER (X,Y) — (X,Y) % (X,Y) = (6(X,A),p(Y,N)) &EHT S, 7277L. Ae
[1,n) IE—HRELEI T, ¢ 1% 3.1 i TERE L7z update function Th b, Z I TEEDOX {X, Y} €&
WXt LT,

E[d(X',Y)] < Bd(X,Y), f=1—1/(n(n—1)3), (3.4)

BRE D, UF T {X,Y) ORI % {1, jo) TR, Elo, LK D 2 LR j < jo 1D
X[1,jo] = Y[1,jo] — 1 #KET 5. L FOEBICEND ax,ay,bx, by, Ox, 0y OEHRIE. HE 340
TS HO LR L TH D,

L |A] = joa— 1 DBAIZ VT, E[dX,Y) | [A] = jo— 1] < d(X.Y) — (1/2)(n— ja+1)/(n—1)
B,

(a) j1=jo— 1 DB, 3150 X' =Y ThD, $2ITdX,Y') =0,

(b) jl 7é jg — 12 (9)( = Hy @Hz\lﬂ“o %ﬁ: 3.14&0 Sja—1 > Sy VCE!?)E),, b‘i\ HX = HY DD
ay > ax 12by <bx D TOx =0y =min{sj,_1,8,} = 85, £L7R%D, LIEN>Tsj,_1 >
ay >ax > sj, ERVEE o DEFRLY X'[1,ja— 1 =ax — (A= [A])x & Y'[1,jo—1] =
ay — (A= Ay 155, ZOWax = ay—125 X'[1,jo—1] =Y'[1,jo—1]-1Th 5, %
2. X'[1,j0] = ax — X'[1,5o — 1] 2>2Y'[1, 4] = ay —Y'[1,5o — 1] £V X'[1, 2] = Y'[1, ja]
Thd, PRIZZOFEOSL EHE1TAX,Y)=d(X,Y)—(n—ja+1)/(n—1) TH 5,
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(€) j1 # jo— 12D 0x # Oy OB, FHMT, |0x —0y| =1 ThH B, T, Oy = Oy — 1
DPRREEZD, TOW, 200RAEEZNTEL, [(A— |A])0x] = [(A - [A])dy]
ELA=[ADOx] = |[(A— Ay ] —1 D 2oDBEAEEZEZNIZ L TH D, BiEDSH
B X', 4y — 1) =Y'[1,5o — 1] 232 X'[1,jo] = Y'[1, o] — 1 2D T, d(X',Y') =d(X,Y)
ThbH, BEOHEAE., X'[1,jo — 1] = Y'[1,jo — 1] — 1 532 X'[1,52] = Y'[1, o] 72D T,
dX,Y)=d(X,)Y)—(n—jo+1)/(n—1) TH D, 2 00O5FEITHE1/2 THNLDLDT,
E[dX"Y') [ [A] =j2—1,j1 #ja—1,0x =0y 1] =d(X,Y) = (1/2)(n—j2 +1)/(n—1)
ThD, Ko7 0x = by + 1 DFEIT OV THRIRDIEHDPTZ 5,

2. [A] =52 OHBAIAWT, BAX,Y') | |A] =) <d(X,Y) + (1/2)(n — ja)/(n — 1) &7F,

(a) Ox = Oy OKf, 1-(b) DHE & ARRIZ X'[1, jo] = Y'[1, jo] — 1 and X'[1, jo+1] = Y[, jo +1]
215, QRICZORMOTHERL TIdX,Y)=dX,Y) Th 5,

(b) Ox # Oy DEE, 1-(c) DFE & FERICRMTHEER 1/2 TAd(X',Y) = dX,Y) & Gt
K12 TAX,)Y) =dX,Y)+ (n—7jo)/(n—1) ZRTIENTES, DXICZDOHAE
E[d(X",Y") | [A] = j2,0x # 0y] = d(X,Y) + (1/2)(n — j2)/(n — 1) &72%,

3. |A] #jo— 122D [A] # jo DA, ZOR, (XY} bEE GO ERD, WE, {55} %
(X', Y'Y OXFRtET5 &, FIHNIT jo = max{j], jb} TH B, LIzA>Td(X,Y') =d(X,Y)
21585,

ENENDOGAEOAER T HHERIL Case 1 28 1/(n—1), Case 2231/(n—1) AT, Case 3 35% 0 Th
L, UbEDZ LD,

1 1n—7g 1 1 1n—7g 1
_ In—js+ in—172 —AX,Y) - ——
n—12 n-—1 n—12n-—1 2(n —1)2

1 1 1
: (1 BEICEE maX{X,Y}eg{M,Y)}) dXY) = (1 - 1>2> X Y).

2195, 777 GOERZN N THIZ oD Z 00, EE 2.2 XY, mixing rate 71X

Eld(X")Y")] < d(X,Y)

7 <nln — D21+ In(nN)

Vo (i e I O
WKIZ, coalescence time Z#HET 5, 2.3 HiDfb#w%E £ O F F H T coalescence time ZHET 5 Z
LHTEDIN, IVEREWERZEZ A7-0IZ 2.3 D L RO ELZFHWCEZEREET 5,

#HRE 3.8 &M 3.1 DT T, w/La7E Mg @ coalescence time T, 1% E[T,] = O(n®In N) %373,

B HMEN ST T G =(5,€) & G LOEEDESR X,Y € ZIoxd 280 d(X,Y) 134 3.7
TEHSNEbDET S, £, Do L d(Xu, X1) & 10 L n(n—12(1 +InDg) 2EHT 5, M
3T THRLNIEAEA (34) ZHWD &
Pr(T, > 1) = Pr(®, (Xu,A)# @ (X1,A)) =Pr(®)(Xu,A) # &Y (X1, A))
< ) AXY)Pr(X =3P (Xu,A),Y = (XL, A))
(X,Y)EE2
1

m) d(Xu, XL)

1 n(n—1)2(1+In Dg)
- () Po el ba s

= E[d(®Y(Xy,A), 8P (X1, A))] < (1 -

|
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NFEHILD, Z I T coalescence time DD submultiplicativity ([40) #BET 5 &, EED ke Z,
i LT, Pr(Ty > kro) < (Pr(T > 70))" < (1/e)F 23 bN 5, Li=RoT

B[T.] = ZtPr ) < 70+ TPr(Ts > 70) + TPr(T\ > 279) + -

< m+T/e+T0/e" +-

0
1_1/ 27‘0
LB, WENSN IV, IOENZ D <nN < N2 ThHb, @IZE[T,]=0n3InN) 2455, O

BBICTAT) XL 2 OFHEREMICOVWTERT S,
;"EEE 3.6 MIEBA: ~ /L= 7HEHEAD coalescence time & T, THRT, ZIZCT, ITHERLEH TH D, \WF
=[logy T, £ 45, 7TATY XL 21X (K+1)EHORKETT & —2K L LRI T 5, Lz
75:017/1/: U R b2 THERT BEE ORI 2K < 2T, THE 2 b, #EBERIT 2(20 4+ 21 4+ 22 +

4 28) <2.2.2K <87, THE 2 HND, FEBITEERHTHOLND LIRET S &~/ a7 HH
@?ﬁfz ILEBEFR] CTIThiL b, £o. 743U XA 20 Step 4 “Coalescence check” (240 Z 72 REfE] 1

O(n) Th B, LizMi-TEEEERMIZ O(E[RT] + EST.] + E[K + 1]n) = O(E[L}]) = O(n®In N)
yi5, 0

7B, FH3.11EF 0O(nlnn) THLILS,
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F4FE

B #4{t Dirichlet 2 fIZHES/8—T =9 YV
PAVINZ/A: >

ARTETIiL, BEEAL Dirichlet 2429 9 HEREEART MO /NN—T =27 N 7Y U TIEIZON T
J\}:)O

4.1 HYoFT) 57 LT) XL

HAFENRT A—H uy,...,u, ZFD Dirichlet AL, HERERNT M P = (P, P,,...,P,) 1T
X9 DA T, B EREILERIK {(p1,p2, ... pn) ER™ [ 300 piy pi >0 Vpi} IZHLT

n

n
s oV

Z 1 -1
TEIND, L. D) BV ~B%Th5, KRITTiin > 2 2HET 5,
EEOEE A > n Il LT, ERBWEKTIE1/A CHERE L, B2 FLVOBERIIES Q %

ng'{(xl,xg,...,xn)ezr_br|x¢>O(W), T+t x, =AY}

TEHRT D, FAFENRT A —F uy,...,u, ZFFOBERBIL Dirichlet fEREEIIFEREH T ML X =
(Xl,..., )GQT&E# jﬁ

Pr[X = (21,...,70)] & Ca [[@i/a)y=—*
i=1

B0, 777U, Ca 3B BREER) T (Ca) ' Y Ype T, (w:/A)—! LERSNS,
EEORSD > 2108t LT, 23ISRy MDA QD) L (N, Y2) € Z2 | Y1,Y2 > 0, Vi+Y) =
b} AL, EAERAT A —F uy,u; BEEONBIE (Y1, Ys | wi,uy) - Q) — [0,1] &

Fs(V1, Yo | wiyuy) < Cug, ug, b)Yy,

ERERT B T Ly R (Clus, g, 0) 7 Dy yean ST HARBIMCH S, £
7tV (gb(0]uis ug), go(Lug, wg), - oy go(b— ui, uy)) ZEHAL,

ol ) 3 .
© S Clugyug, b) (b — 1) (ke {1,2,...,b—1})

EEET D, FIDHDIT0 = gy(0fus, uj) < go(L|ug, uj) < -+ < gp(b— L|us,uj) =1 DLV 3L,
RHEZE[] Q 2 FfO~ /L2 7 Mp IZOW Tk 5, ’rﬁf@b% %XGQ ET5, ZobE,
BX X 13ROI IICETEIND, £, BEEE N e [I,n) ZAERKL, =[N\, b:=X; + X

18



ET5, WIT, ke{l,2,...,b—1} & gy(k — Lug, uip1) < (A= | A]) < gp(K|ui, wipr) Zh723HE—D
BEd 25, HEIT,

X]/-:: b—k (j=i+1),

X;  (EnLL),
L1 %,
R LIz~ a 7E§IZxtd 5 update function ¢ : Q x [1,n) — Q % ¢(X, \) x4z, cow
Jba 7T O ZBER CTHEREHM TH D, F 77 detailed balance equations 23D MO LD,
~ b3 7EEE Mp O EF A IXBERIL Dirichlet 2347 & 72 5,
WIZFERZREE L LC Xy, XL € Q %

Xo® (A-n+1,1,1,...,1), XL 9L @,1,...,1,A—n+1).
TiEHT 5.
b EHWT, BERUL Dirichlet DAfICR T 597V o FT7 AT Y XBEZRD X IIZED D,
ZILI) XL 3
Step 1. FERNICEAT 29I HIEEZ T .= -1 &£ L, @BEICHD, 5N EHET S,

Step 2. —HRFEHGELILN[T], A\[T+1],...,\[T/2]-1] € [1,n) AR L. X := A[T],A\[T+1],...,A\[-1])
LT5,

Step 3. Rl T IZ81T 5 2 KD~ /v a7 HEEORELENEN Xy & X, L, HLEOEKFI A ZHNWT
update function ¢ ([ZHEVY, </ 7EEH AL T 0 OHREZ 0 ICED L THR S ® 5,

Step 4. [Coalescence check |

(a) BLIY €5, Y =30 (Xy, ) = (XL, A), ZOIFEY 2L, #EIET 5,
(b) b LZDTRITNIEL KZlZ T :=2T & LT Step 2ITR D,

FHE 4.1 7TV AL ZIFHERL T (FRIFET) BEIELT, RiEEZ 1 OHT 5, 20REIZO E
DBERAY. Dirichlet 5346 12 BB IHE O ERE IO EBUETH 5,

FOFEBIZEZ T AITY XL 3TN —T =27 "o TV T TATY) RATHAZ EMMEIEEINS, K
DO/NEI T~ /b2 78 Mp ORRAEZ R~ T Z & CLEEHEEZRT,

4.2 T 7EHOER M

21HT2OOEHERIN Lz, LR -> T, EEAL ZaRTICET AT Y XA 3HBEFH CFTP T
bHZLEREITLN, TOEOIC, ZONMHTIZQ BIZEIEFEZEAL, Xy & X, BME—DRK
B LOR/NTOXRTHDHZ &L, w/La7EE Mp REFTHDHZ L E2RT,

EEORT MV X € QIR LT, REMAY kL ey € 27

ey ] 0 =0,
* X1+X2++XZ (i€{1727---7n})7

TEHET D, 2720, cx = (cx(0),cx(1),...,cx(n)) &35, ALNZQ & {cx | X € Q} OREIZIX
XS BEET D, EEOWRESR XY e QI LT, X =Y OMBESEMEEZ cx >y &F
D, AL =" 13Q EORIEFTHD, £/, VX € Q, Xy = X = Xy, bEHEIZON5,
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WE XY €eQITH LT, HDENFIELT

N N 1 (Z:])a
ex(i) —er (i) = { 0  (otherwise).
PRRVNMDEE, XD (KT) Y 2B (cover) THLEFV, X -V (FT X >, Y) ThHLDT,
WIZ, HFGMEZFERA 58 L RO MEE R,

4.2 BL2OOHARLIRE XY e OB X -, Y 251X, VA€ [L,n), (X, \) = ¢(Y,\) D3
URTRON

REBR: O D X' = ¢(X, ) BEVY = ¢(Y,\) TRY, £\ AEBEOWATF i # [A 1T LT
It ex (i) = cx/(i) BE W ey (i) = ey (i) DY LD, EEOFELY X = Y RO T ey (i) — ey (i) =
cx(i) — ey (i) > 0 Th B, UFTex([A]) > ey ([N) 7T

A TEH Mp OERDE. X[, O

gy (K" = Lupap, upag41) < A= [A]) < gy (K'Jupag, wpay+1)

BT~ DK Thb, =L 0L X + X ThB, I, V),

N DfETX

gy (K" = T, upng1) < 0= [A]) < gy (K" |uag; upag+1)

BT WD K Th B, 1272 L, b LY + Yy ThB, BEFTIRRD 3 50HEAIHTTE

25,

Case 1: [\ #j — 152 [\ ]+ 1DHBA V=V ROT X[, =K =K' =Y, 185,
Case 2: |\ =j—1DHAEEx D, WE, X, Y X0V =b"+1Ths, REM7 FLOE
BEND

ex(j—1)—ey(j—1)=cx(j —2) +Xj 1 —cey(j —2) = Y],
= x(j-2)+Xj ,—cy(j-2)-Y =X, -Y]

ROT, X >Y] | ZREETSTH 5,
WE. TORTRTIHELI NS, ROREXDELND,

0 = gyry1(0luj—1,u5) = gy (Oluj1,u5) < gy (Huj—1,u5) < gy (w1, u5) < -
< gk — w1, uy) < gy (k= w1, u5) < gyrga (kluj—1,uy) < -
< gy = uj1,u5) < g (V" = Luj—1,u;) = g1 (V' |ujo1,u5) =1,

ZDOAREKXE alternating inequalities EFESZ L 12T 5, T2 & 2 IXREX

gyr+1(k = uj—1,u5) < (A= [A]) < gy (k = Hujo1,u5) < gyrgr (kluj—1, uj)
MY SLORE, X1\ =k >k—1=Y], THD, HDHVIE FHENX

gyr+1(k = i1, u5) < gor(k = Luj—1,u;) < (A = [A]) < gy (kluj—1,u5)

T
MY SLTHE X], = k = Y],
coupling (X', Y") I%

)= G G) - (5G]

20
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gor1+1(0) gorr41(1) 97 +1(2) gorr41 (b7 —1) B Gorr41(0")
A O a3 DU el ) S S

ge (0) gy (1) gy (2) gy (b =1)

N}

4.1.  alternating inequalities DX, T gy (k), gyry1(k) ZZNZI gy (kluj—1,u; ),
gy 1 (kluj—1,u;) 2R,

ThoHrIEhbnrsd (M41BH), Lol b X, | >Y/ | BMEbhi,
Case 3: |\ =j+1DHHRICONTERD, WE, X = Y XV +1=0b0"Thd, BT K
IVDEZEND

cx/(j+1) —cyr(j+1) = cx(4) + Xjpy — ey (d) — Y
= ox()+ Xy —coy() =Y/ =14+ X, - Y.

ROT, 1+ Xy >V ZREE+RTHL,
fHiE 4.3 75, Case 2 & [RIERIZIK D alternating inequalities 23& H 115,

0 = gy1(0lujr1,ujr2) = gy (0uji1, ujq2)
< gy+1(Uujrr, ujro) < gy (Lujpr, ujpz) < - -
< gy (k= ujn, ujee) < gy (k= 1w, ujee) < gy (Blujn, ujee) < -
< gy (V) = Lujin, ujae) < gy (0 = Hujor, wjpe) = gyn (w1, ujp2) = 1.

L7228 > TEE D A 2DV T coupling (X', Y) 1%

()0 ) GGG () (7))

ThHhdIenbhd (K4228), DEOZEnb 1+ X, >V, BELAT, O
gy (0) . ) gy (1) ) , gy (2) ol gy (V' =1)
o— (1) —— () = () +— ()~ —— () —n
g +1(0) gpr+1(1) 9o +1(2) g1 (V' —1) o +1(b')

4.2.  alternating inequalities DX, XH T gy (k), gyi1(k) IFZENLTI gy (klujr1,ujt2),
gy +1(k|wjp1, ujpe) RIS

fHRE 4.3

Vb e {2,3,...}, Vu;,Vu; >0, Vk € {1,2,...,b},
b1 (k — i, us) < gp(k — L|ug, ug) < gpgr (klug, uj).

SEBR: UUPClImED 2 FHOAREXRERT, 1 FHORERIIFRITRT I ENTE B,
fHEHDOZD Cpi1 = C’(ui,uj,b—i— 1), Cy = C(ui,uj,b) EET, NWE gb(k’uhuj) DEZEND
H(k) Y gy (blus, wg) — gol(k — Lui, ug)
= Y Ol b — I+ 1) = S Gyl (b — 1)
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= (=G Tl T o= L+ 1)) = (1= G T 1 (b= )

= Oy (L= D% b= 1+ 1) = Chyy Sy 1M (b — 1+ 1)

= (Gl = 1) T (b — L 1)WY = gl (b — L 1)% )

Uq— Uj— u;—1 C

= ZLMJQJZIQ—Z+1)J1«1—%) _%f)

2155, RERIZ
H(k) = Cypa Yy 17 b— 1+ 1)W1 = Gy Yoy 1w (b — 1wt
Ot Sop o 147 (b — 1+ 1)% 7 = Gy SOF (= 1) (b — 1+ 1))
Yo (Copn 1 (b — 1+ 1)~ = Gy = 1)~ (b= 14+ 1))
wi— w1 {C wi—1

Y

bREND, BEA: {23, b > REEAL, A() S (1- 1" - L2 LEHT L, KOF
EANELND,

H(k) = S0, Clu= (b —1+ 1) h(l) (4.1)
> =S, Oy (b — 1+ 1) h(l). (4.2)

(a) uy > 1 DFEEEZD,
WEu;—1>0720OTh() ITHERAIEBDBEETH D, Lizn>Th(k) > 00360 TE0 < h(k) <
h(k+1)<--- <h®d) &720, X (4.1) 25 Hk) >0B8E25, bLAK) <0725 h(2) <h(3) <
< h(k) <0 ERDOTRER (4.2) ZFVT H(E) > — S5, Colu 1 (b — 1+ 1)%h(l) > 0 775

(b)0<u <1DHEEEZS,
OB u— 1< 0ROTh() FEHMEKTH S, b LAER A(b) > 030 ST TE, h(2) >
> > h(b) > 0 LRV ER (A1) 25 H(k) > 0 %735, LEedioTh(b) = (5h)s—1 - >0
EREIETSTH B,

DT Z OFEHICBNTHRIBEORD ap = uy — 1 (Vi) TET, B Ho(b, i, 0) & Ho(b, i, o)
(b—1)4C, L —b4Cy " EEHET D, b LA

-1 <Vo; <0, -1 < VOéj, Vb € {2,3,4, .. .}, Ho(b, Oél',Oéj) >0

PR, BEOK D e {2,3,4,.. IR LTh(D) > 0%%85, =T H(b o, a;) & RERT 3,

b b—1

Ho(b, iy o) = (b= 1) Y k™ (b—k +1)% — 5% > k(b — k)™
k=1 k=1

= b (b— 1)k (b— k1) CFEETD s ST g e
= SR =0k b=k + 1) () (0= D (ke D) (b - k) (5)
—b R (b — k)]
= i e (1 1YY )+ (14 1) R - () (60— 1)
LbEnn, %
(b as,05,k) S (14 55) 7 0=k + 14+ 5™ k= () 0 -1)

PMEEO ke {1,2,... b—1} R LTHATHD = L 2FEITHDTHB, WEL+1/(b—k) > 17
Oajz—lin\

b—k)? 1\ b i
Hl(baal,a]ak)ZHl(baala_lak):ﬁ_{_ <1+E> k — <m> (b_l)
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Thd, TZTHEEH & o, TS TH L.

a a; (67
Go b s LK) = (14 3) " Rlog (14 §) = (5tr) " (0= D)log (52y)
o @ (b=1)
= (1+3) ZIOg(1+%)k_(1+bi1> 10g<1+b_L1)

Lieh, ERHOR k,bIX1 < k < b—1%l/=d DT, a; PDHEETHHZ LEZFLTO < (1+1/k)% <
(141/(b—1))% & 0 < log(14+1/k)F <log(1+1/(b—1))""1 BMEFEND, Liza3> TRk Hy (b, oy, —1, k)
T a; <OIZBLTHHRAFEDTHD, wRIT

_ k)2 0
Hi(b,oi=1,k) > Hi(b,0,-1,k) = 2557+ (14 1) k= (5) (- 1)

-k G-k (-k)? 1
= b th-b0+1= bkl =g 20

NSRS O

#HRE 4.4 update function ¢ TEHRS N~/ a 7HEE Mp 1T “ =" ICELCHFATH S, I42bb
VA E[1,n), VX, VY € Q, X =Y = ¢(X,\) = (Y, \) D3V 322,

SFBA: W, EUARRSOWES 2,2, .. 2, PFEELT, X = Z1-= Zy-> = Z, =Y
FROND, LTeBNoT, MEA22 VR LEHATEZETHX,N) = ¢(Z1,0) = ¢(Za, ) = -+ =
H(Ze, N) = d(Y,\) BDEBN B, O
BRI, BELIETAIY ZABRR—T 7 T Y U T ETHDBI L ETT,

EIE 4.1 OFFA: 4.4 L0~ a7 Mp IZEFATH Y, 72 Xy & X, DENTME— DR K
BIOERNTTHAZEIFHONTHD, LEBR-2TT/ATY XA 3 ITHEFHCFTP THY, EH 2.3
BLOER 25 0L EH 4.1 2155, O

4.3 7I)IL3) X LOFHEFR
PIF, 72A3Y XAOHEARRIZOWTERT 5. ZOE TIIROKMEEET 5,
%14 4.1 Dirichlet /37 A —Z I IFEBMNEIZIE 5, T7RDH g > ug > -+ > uy IR LD,

WROEBIIARR D DO EEREROOESDTH S,

T 4.5 £H410OTF, 7T XA 3 OFHERROMFHEIL O3 InA) TH5H, 2L, nidkx
(Dirichlet /37 A —Z OfE$k) TH V. 1/AITBEBL O TIEZ £ T,

LAFCIE, coalescence time Ty € Zy #HETHZ & TEB 45 27”7, 7272 L. coalescence time
T, Y min{t>0|IyeQ, Ve eQ, y=3°,(z,A)} LEBRSNIBBLERTH S,

AIE L FRRICE T, BB LIz~ /La 7#E Mp @ mixing rate % path coupling EE % H W CTHE
T2, ZOMBEICBNTERFELLITEETH D,

FHRE 4.6 &M 4.1 O T THRE Lz~ /b a 7##{ Mp © mixing rate 7137 < n(n—1)?(1+Ilnn(A—-n)/2)
A 729
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SEBA: HMEE ST 7 G = (O,E) IFTHAEA Q LRICEET HHOEA £ 2#H-o, EEDTEAR
(X, Y} B ERTHAMESEMT (1/2)Y 1 | X; —Yi=1ET5, NI 77 GITE/ETH
b, Hfe={X, Y} e EIZH LT, ME—DRZFX j1,52 € {1,...,n} BHFELT

. . L (7 =J1.72),
XL g) =YLl = { 0 Eotherwise)).
il T, ZOWRIFOREK e DXEX (suporting pair) EWES, £ e DFExt {41,752} 1Zxt LT
j* =max{j1,jo} >2&E LT, BeDESI(e) i) D (1/(n— 1)1 n—i) TEET S, =
ZT1 < mineegl(e) < maxeegl(e) < n/2 ITEEDLETHDH, (EEOKREXS X,V € QlTxL
T, BEEAX,Y) I/ T77 G ETOX LY OREREKEERT D, FEDO (X,Y) € Q2 ITxfL T
d(X,Y) < (n/2)> ", (1/2)|X; = Yi| < (n/2)(A—n) BV LEDT LD, 777 GOEE, 32D
B max{d(X,Y)} Zn(A—n)/2 THEZAbND, ELHKORIDERNPD, EEOK{X,Y}efIC
L TAX,Y)=I1{X,Y}) BV Lo,
WIZ coupling DHER (X,Y) — (X,Y') % (X,Y) — (¢(X,A),d(Y,N)) EEHT D, L, Ac
[1,n) IT—FERFEEELEL T, ¢ X 4.1 HiTEF L7z update function TH 5, ZZ THEEDOR {X,Y} €&
1ebs I PAEN

Ed(X',Y")] < Bd(X,Y), B=1—1/(n(n—1)?), (4.3)
ERE D, LR TIEA{X,)Y} OXFRtE {j1,j2) TRT, £, —BHEEZRI 2 R 5 < jo D

X, +1=Y,, 2ET %,
Case 1: |A] = jo — 1 DFHEITONT,
E[dX",Y)|[A] =42 —1] <d(X,Y) — (1/2)(n — ja + 1)/(n — 1)
BTy 1= jo—1 OB, MEA1 LY X/ =Y Th B, WZICA(X,Y) =0 &b, BT, ji <ja—1
DYAITANTELD, VWEY =X 1+ X, LUV =Y, 1 +Y, £55, SOBX, +1=Y,
L0V +1=0" BV LD, v/ 7EEE Mp ® update function D EFEDN D
Xi,1=k & [gy(k = uj-1,up) <A —[A] < gy(kluj,—1,u5,)]

Vi a=k & [gy1(k—1uj-1,u5) <A—[A] < gypi(kluj,—1,u5,)]

2155, RIHiOME 4.2 TR 72 XL 91T alternating inequalities

0 = gy41(0lujp—1,u5,) = gy (Olejy—1,u5,)
< gy (Hujo—1,uj,) < gy (Lujp—1,u5,) < -
< gb’+1(b/ - 1’uj2*1’uj2) < gb/(b/ - 1|uj2*1’uj2) = gb/+1(b,|uj2*1’uj2) =1

DL D SEOD T,

() AG) GG (G) -0 ) 6]

5%, ZOR bL XS | =Y | BB {X Y} OXFAE (1,52} L2V, dX,Y) =d(X,Y)
Lled, e, bUL X, | #Y]  biE, {X Y} OXFERT {ji,2 — 1} &0, dXY) =
dX,)Y)—(n—ja+1)/(n—1) L2 %,
T THRBOMEAT LY. uj1 > uy, DBE
PrX0,  # Y, |[A] =j2 — 1] = Pr[X}, =Y}, 4[[A] = j2 — 1]
= S0 oy (kluje—1,uj,) — gy (kluje—1, uj,)]

b —1
= e L9y 1 (Klugy—1,uj,) — gy (k — 1ugy—1,u5,)] >0
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9 (0) g (1) 90 (2) ) gy (V' —1)
N O S el ) NN e ()

gy +1(0) gy +1(1) gy +1(2) gpr41 (V' =1) gy +1 ()

4.3.  alternating inequalities DX, KH T gy(k), gy+1(k) 1ZZTNZI gy (kluj—1,u),),
gy +1(klujy—1,u5,) R,

MRS (X 4.3 BH1),
4.1 005, Ujp—1 > Uy EICER Y LD

Pr[le'gfl = ij/gfl‘ A] = j2 — 1]

PY[X]/'Q—1 A leg—l‘ |A] = j2 — 1]

(1/2),
(1/2)

(AVARRVAN

55, Pz

Bld(X", Y))|[A] = j2 — 1]

IN

(1/2)d(X,Y) + (1/2)(d(X,Y) = (n = j2 +1)/(n — 1))
= dX,Y)-(1/2)(n—j2+1)/(n—1)

N RIASH
Case 2: [A] = jo DHAEITONTH, Case 1 & FEERIZ E[d(X,Y)||A] = j2] < d(X,Y) + (1/2)(n —
J2)/(n—1) ZIRTZENTE 5,
Case 8: [A] £ jo— 1705 |A] £ jo DB, Z OB (X', Y} OIFR (7 j5) H jo = max(j}, 1) &
2B, LERSTAX,Y) = dX,Y') T 5,

ENENDOGEDAERT 2 KT Case 1 23 1/(n—1), Case 203\ 41/(n—1), Case 335V Th
5, UbEDZ Enb,
L In—jotl . 1 ln—j 1

E[d(X',Y")] < d(X,Y) - - =d(X,Y) — 57—
XY <dXY) = s T F 721 ¢ Y) 2(n —1)2

1 1 1
< <1 BECESE maX{X,y}eg{de)}) dXY) = (1 " - 1>2> dX.Y)

155, 777 GOERP (A —n)/2 THIZONDZ EX6, EH 22 XV, mixing rate 7 1%
7 <n(n—12(1+Inn(A —n)/2) &7, O

##RE 4.7 Vb c {2,3,. . .}, Yu; > Vu]',

(=

-1

(=

-1

(96 (klwi, ug) — go1 (Flug, ug)] — Y [gpr (Klug, ug) — go(k — Lug, uy)] > 0.
1

T

1

T

B DD Oy = Clusuj,b+ 1) BEBCy = Clug,uy,b) & L, ROEREHEIT,

def. — _
G = v g (kg wg) — go (Klug, wg)] — S0 (961 (klui, wg) — go(k — 1ug, uy)]

= S geklus, wg) — S0 gper (s, uy)
— 30 o (ki ) + Y0025 g (b — 1, uj)
Sohh v (klu, 1) — S0 o (Klug, uj)
= S0 gpa (R, ) + S0h gu(k — 1w, ;)
= I G 1T = DT = SR o Yoy 1T (b — L 1)
— Yy Gt o 1T (b — L+ 1)L+ 0T Oy Y e (b — 1)
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Co Soimt (b= DI (b = 1)1 = Copr Y2y (0= DI (b= 1+ 1)
— Oy S =D b= 1+ 1)+ Oy (b — 1 — 1)1 (b — 1)w !
Cy S0l (2b — 20 — 1)W1 (b— 1%~ — Cypg 3021 (2b — 20) 1M (b — 1 4 1)% 1
CoChir ( Oy SOIH (26 = 20— 1)1t (b — 1y~
—Cy (2 — 20 (b — 1+ 1)%*1)
CoCrsr oy (0 — ko 1) 02 (26 — 20 — e (b — 1y
— R b — RS (26— 2 b~ L 1))
CoChar ((Shoy Y2126 — 2= (R0~ k+ 1)(b — D)~
= ST (26— 2D (ki) (b= K) (b — 1+ 1))
CoChar ((Shoy X126 = 2= (R (b— b+ 1)(b — D)~
= S0 0T (2b = 2k (kD) (b= Db — k+ 1))
CoCor Xy So02t (2h = 20 = D)k (b — k+1)(b— 1))
Gher (5204 L@k = 2= DS — R+ )b — )5
Y T 2k = 2= (k) (b= k1) (b - 1))
et (Y S 2k — 20— 1)(R) (b~ k+ 1) (b~ D)
+ 3 D@0~k 1) =200 1) — 1)
(b= k+ 1) =D (b= (b= k+ 1)+ 1)(b— (b - 1))
Coher (3204 L@k = 2 = DS — R+ )b — )5
— S0 ST @k = 2= 1) (b = k+ 1) (b= ) (ki) )

(k)
1 2 3 e b—1 b
1
b—1 b
2 D1 k=it
o 3
b—1 b
: Zk:ﬁ Zl:li
b—1

A (S0 ST (2 — 20 = R~k 1)(b— 1)
+ 300 Sk 2k = 2= D(RDM (b — R+ 1)(b— 1)
= S e (2 — 20— 1) (b= k -+ 1)(b — 1) (k)
— SR Tk = 2= 1)((b— k4 1) - D) e
ot (0L S a2k = 2= DS — R+ )b — )
= 300 g 2k = 20 = DUk = D)) (b= L+ 1)(b— k4 1))
= Y Y (2 = 20 = 1) (b — k4 1)(b — 1) (k)%
( G

(
(
(
Y Y (2= 2= (b= L+ Db — k4 1)) Uk — 1))
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CbeJFl — v u;—1 u;—1
- = S ek-2a-1) (k)B4 10 - D)

(
=1 k=l+1 —(Uk = 1)) (b= 1+ 1)(b— k + 1))w!
~((b =k + 1)(b = 1)) (kT

H((b =1+ )b =k + D) (U — 1)),

VWV B Go(k‘,l,ui,uj) %
(kD)= (b =k +1)(b—1))!
def. —((k=1)u Y b-1+1)(b—k+1)w!
k,l iy Uy = ) )
Golk, b, i, uj) —((b—k+ 1)(b— D)=L (k1)w
F((b—=1+1)(b—k+1))“ 1 (I(k— 1))
CERTDH, ORI <I<I+1<k<bED, (26—-20—1)>0IFHALMNIILY LD, LIzh->
TVl e{l1,2,...,b—1}, Vk € {2,3,...,b}, Vu; > Vu,, Go(l, k,uj,u;) > 0 Z-EiZ+H0TH5, B
Iz
GO(k7l7ui7uj)
_ ((k—1)) = b~k + 1)t ((1 + D) T =D = (b1 1)“j_1>
[ N (R S I TV i (-k:url + (14 p)m (k- 1)ur1)
ROT, Go(k,lui,uj) 13w LU THBDTHD, LB >T Golk,lui,uj) > Go(k, 1 uj,uy) 4

Do TIZTuiluj ZRAT DL Golk,lus, uj) DEZRDND Go(k, L uj,uy) =070, HEITRSH
5, O

RIZ coalescence time Z B ET 5,

fHRE 4.8 4.1 OTF T, w3 7HEH Mp O coalescence time 1% E[T.] = O(n®In A) {73,

:m HAMIER 2T 7 G = (Q,€) & G LOLEDTESS X,V € Qx5 Bl d(X,Y) 1248 4.6
BN LOLTH, £72D Y d(Xu, X1) & 10 L n(n—1)2(1 +1nD) #EHT S, HEHALE
ﬁ%mj s K 43 N5 L.

Pr[T. > = Pr[®%, (Xu,A)# @, (X1,A)] =Pr[®P(Xy,A) # O (Xp,A)]
Z(X,Y)GQ2 d(X7 Y)PI‘ [X = (I)z)'o (XU7 A)? Y = (IDSO (XL7 A)]

B [d (8 (Xy, A), 8 (X1, A))] < (1 - ﬁ) d(Xu, X1)

n—1

1 n(n—1)2(1+ln D)
n(n —

IN

|

NFEHILD, Z 2 T coalescence time O FfD submultiplicativity ([40]) &8T5 &, [EEDO k€ Zy
2Rt LT, Pr(Ty > kro) < (Pr(T, > 10))F < (1/e)f MEHN5, Li=hoT

E[T.] = Y_720tPr[Ty =t] < 704 1oPr[Ty > 70] + 70Pr[T% > 270] 4 - --
< m+T/et T/t - =10/(1 —1/e) < 2.

LB, WER<A LY., LMD <n(A—n)/2<A2Thb, ZITE[L] =03 nA) %75
%,

BEIZTATY XA 3 OFFERRIZOWTERT D,
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TEIE 4.5 OFEH: ~ /L2 7HEHD coalescence time # T, TR, Z I TT, I3HERLEKTHH, \WE
K=logyT.] £ 9%, 7AWV RXL3IE(K+1)EIHORKETT % 2K L LIRRCK T T 5, L
BoTTNTY XA 3 TERT HELEOREIT 28 < 2T, THE X b, HEBEEIT 2(20 + 2! +22 +
o+ 2Ky <2228 <87, THEx D, KEBUTEERHTHEOLND LIET B L~ a7 EH
DOHEBIZT B Tt b, £72, 743U X5 3D Step 4 “Coalescence check” (2258 72 FERE 13

O(n) Th B, LIt o> TAEEEREEIL OE[2T)] + E[STL] + E[K + 1]n) = O(E[T.]) = O(n?lnA)
Lk, O

72 BEMH 411X 0(nlnn) THLILD,
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KX TIIEADFOEZ b 29T EIRE —#Rk T v & LIRS % J5ik & BERIE Dirichlet 34RIZ 1€
IV T U TECONWTIRAR T, BELIY 7Y R~ a7 #EE W7 7k
T, TNENORBEIZK LT rapidly mixing 72~V a 7#EEEERE LZ, 512, ZhbD~vrary
B NG (monotone) THDHIZ L &/RL, Hi CFTP (monotone CFTP) 73U X A% L
7o LIZB->TCFTP BEIZESEEONDI Y U INVIXER DAICREIZHE D,

B CFTP 7V 3 U A L& E 3 2 ITIRREBZEMICHIEFBER 2 EAT 2 0E R H 5, AiaX Tl
RREMARZ M AEBETHZEICL > THIEFBAKREEA L, ZOREMXZ ML EEE L, Dyer
and Greenhill O~ /Lo 7@#EEOHB ZHIRT S Z & T, Hilh~/la 7EEORFEEH L, £7-,
HEBL Dirichlet AAIZX L Th, RROFEL S - THF R~V o 7 @G Z#E LT,

B (b Dirichlet 7247 Tld~ /v =2 7 @8 O HFAME L O rapidly mixing Z3E 9 % 72 9(Z alternating
inequalty & A L7z, AF@XOFERIT~ /a7 EEOHERD Z OARNERXLTH 2372 O IXHFAMEL L O
rapidly mixing OFEMANA[E] & [FERO FIETRED 2 & 2med 5,

AL TR T AT Y X AOFFEREF OB EIZ mixing time OFE F1ETH 5 Path Coupling % F|H
LTco TOFEEZANVDTEOITIRIREZEMICHERZEAT 20N H 508, BEFEOHSE & Rk O FHEE
EEATHERENHESEARMERSoTLE I, LV IBEREHLE 25352 EHAREMO L
BaExT-, ZORIZELTCHEBERAZITOZOEENA—F —DBEWKRTHA N THHZ & 2R
T OREREG T, HEBEROFEMIIfE BIZFE T, £/2, HAEBER CIIRMFE 31 B LOGRMA 41 R
AECBWTAEN THD Z L 2mRT 5/ERIZO VT AL,

KL TRELET AT Y ANFEMN2CFTP 73 ) XA THD, LnL, ZOTNITY X AT
ALEOFIZRIBT 2 LENH Y, RIBEREO L THRN TR, ZORIZOWT, 2000 42 Wilson
R L7 Read Once 7V T U AL M T 5 Z & TR TE 5 [49], Read Once 7/ T Y X LIZDOUN
TIEfHEk A lZRE 9,

RELETNTY AL TE A2 7EEOR B P ERRE TITA 5 Z L2 HEL TS, LaL,
Dirichlet 7347 CIX&HERS & AL CITH Z L IIREECTH 5, 7L EDH 72 Y coalescence time
BB P NIRRT & &2E 2 UTEE N D RX—F 5 ~OEHE H L UDEH L TR Ty 7
DOIEELD+ 53 K& W& X2 amortize 27 /LT Y XA AT D,

®ZIZ, m x n EERO—HRAERKIZE LT, rapidly mixing 78~ /L3 7 HENGFEET 2050, H
e~ v a 7 BENFET H0ED, DITKRMHFRMEE LTERIATH 5,
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DERR, MZL OF 2 ITHRICKTT AEEEE E Lz, TXTOH A ITEH = LET,
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T #k A

Read Once7/)L3!) X L

Z OFETIX 2000 #1Z Wilson D% L7z Read once 7/ T Y AALIZDOWTIRARS [49], ZOT T Y
ALIHEER72 CETP 7 AT Y AN ERIRTZENTE, BLEOFIZTRIET 522 L A—=7 =7 MY
YTV T RTR D, LT, AREERLOIREEZER] Q & update functiong & b o /LI — RiyZp~ /L2
THEEMIIKTHETNIY AnEEZD, T3 Y XL TEE 2 FE TR CTTF (Coupling To
The Future) ZFIHT 2%, £THHEE LT, 74T XARTHEOHT 2007 vk X, *successful
& *-failing IZ W T %,

JO+R A (*-successful)
Stepl 2 DMD% ﬁ” Al, A2 ﬁﬁn'ﬁ—é vIial—ig /@%TH#*U%_’T =11 E‘ﬁ—é

Step 2. 2 DDFELKEI N ([T — 1], Mo[T — 1] ZAER L., ZHEI A, A ORERIZNZ D, T7bbH
A1 = (M[0], .o, M [T =2, [T = 1)), Ar = (A20], ..., Ao[T = 2], Ao[T' = 1]) &9 5,

Step 3. £F1 A1 & Xy ZHWT 2 A0 CTTF % %477 5,
Step 4. coalesceence check #1T 9,

(a) A1 E X DEBLLMNFHT TS coalesce LTWRITIULT :=T +1 & LT Step 2I1ZR 5,

(b) A1 & A2 & 1T coalesce L7236, JEIT coalesce L7ZEEFNDIRZ F i € {1,2} LT 5,
FIRFOE AL 1/2 OME T 2D D, HFI N ITRHTHRET DD of (2, \) DiEE
WLTHRTT 5,

7O+ X B (*-failing)
Input: Rz € Q2 AT 5,
Step 1. 2 ODZEF|I Ay, Mo ZHET S, I 22— aryORTHEA2 T =1 ICRET D,

Step 2. 2 DDFELKEIL N [T — 1], Mo[T — 1] ZAER L., ZHEIL A, A ORBERIZINZ D, T7bH
A1 = (M[0], .o, M [T = 2[, [T = 1)), Ax = (A2[0], ..., Ao[T = 2], Ao[T' = 1]) &9 5,

Step 3. A A1 & Xy VT 24D CTTF % £E179 5,
Step 4. coalesceence check #1T 9,

(a) A1 & A A& BT coalesce LTWRITIUIT ;=T +1 & LT Step 2IZRE %,

(b) A1 & Ao DUV HLDD coalesce L7256, coalesce LTb\fib\ﬁLéﬁﬁ'J@ﬁ/i?%j € {1,2}
L35, FREOEAIL1/2 OMET j 2RO D, FIHNRIE » E5FI N, ITxT B REET 72
bbb ol(z,N)) 0)1%‘75’3& LTHRTT 5,

LA ED#E(E % T Read Once 703 U X A% LU FIZEEN 9 5,
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FILTY XL 4

Step 1. 7mE R A (*successful) ZFEITL, £z e QICHASNZEZRAT D, 1/2 DERT
KD (a), (b) DWTNIEFITT 5,

(a) 2e QEHALTNANIY X LE2KTT 5,
(b) Step 2 (ZiTe,

Step 2. ATz € Q252 T/ reAB (“ailing) HHATL, BHe € Q & ) ST I THT
D, 1/2 DHERTRD (a), (b) DVFNDEFITT 5.

(a) 2€e QEHAILTNANTY ZALEKTT 5,
(b) Step 21Z% E 5,
TE AL TATY XLANEE L TRTT2201E, HAINEIE~/va 7EE M OEF 341
JEEHEZIE D [
TNIAYZXLAIZEST, WOCFTP 7T AT Y RANREBINDZ LITR5D,
FILITYXL 5
Stepl. ¥ ab—ra VORBRLT =0 L EFNEHET S, NERKE i =1127 5,
Step 2. 1 K@D CTTF #%4TL, Z® coalescence time % T; > 0 &3 5,

Step 3. Y Ialb—a OB ET =T -T;, £ 5, —BREFEEKNT),... \NT+T, -1 %
ARLT, A= (AT],...,A[-1]) £T 5, BFIXEZHNTCFTP 8L T 726 0 £ CTEITT
5, (ZDLE, 1-1/2 Ll EOHERT CFTP 7/ ) XAl coalesce LTWA Z EITIER,)

Step 4. #H 1/2 T, CFTP ¥ a2 b— a3 VORZ 0 TOEZIRL, 7AIY XLEKTT5H, 5%
DOLGA. i:=i+1& LT Step 2IZE S,
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& &% B
TR RER

ARETIE, 2L CFTP 743 U XAIZEIT 5 coalescence time (2 DU TRHEMEFERR 21TV, AL
H1 3.3 ik L VA3 HI TR LN AHERBOFE DG 21T 5, H2ED 228 TRLIZL S1Z, CFTP
@ coalescence time & CTTF @ coalescence time |Z[Fl— DA, —FH. CFTP @ coalescence
time D & 72 HEIZIE coalescence time D 2 D A — & — O FHERFE 302025 DIZxt LT, CTTF @&
B, WA —F — O R CTHAFRETH 2, ZOZLITEH36BIOCER A5 I LRV &
WCHEEDLETH D,

bz L 2BE 2T, BB LUZHF~ /Lo 7@#EHIZR LT CTTF 21TV, coalescence time (2D
WCHEKEREZITo 7, HEBERORREIIUTOLEBY Th 5,

CPU Pentium 4 1.7GHz
AT 512MB
(ON] Windows XP Professional

B BRLEE  Visual C++ 6.0

LR, EBRTIEHEKA A Z A% L 10,000 EIOFRITZFTVN, coalescence time DNEHMEE & o177,
F70. ELEOARKIZIE Mersenne Twister ([34]) Z A L7,

B.1 279 EI1F&® Coalescence Time

ZOETIE2{TRERONN—T =27 b TV U TEICEATAERICOWTIRR S, £9. &f3.1
DVLENEHERT D010, FHEHAMEER I LBZZX NI —RZOWTERE T, KOE
B CIXFIRDNER DA BNER D 2 DODOBFHITONWTEREITo 72, 12134 T7H1 r = (500,500) & FlFn
s = (500,1,1,498) DAHEIROLEE T, b 5 121F5M 3.1 &7 T & 2 ITWORE 2 724T7F1r = (500, 500)
L0 s = (500,498,1,1) OREROEETH D, HOLENZZ D2 OORERESGIIFAETHD, K
DR BLIZZOBBEICK L TERET-EHDTHD, ZOFEROMERIISM 3.1 KEHEAEMMOLIE
KBV TARENREMETH D Z L 2R T 5,

# B.1. kT — Z 2% 5 coalescence time DOEWHE, T —Z OEALILHE],

FIfFnx27 by s (54 3.1) EEIHER 1%
(500,1,1,498)  (fi7= 721Y) || 2105440.8000
(500,498,1,1)  (ii7=9) 21.1924
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WIZFEE n (nAR%) T, 17Hfir = (n/2,n/2) LFIF1s = (1,1,...,1) ZRODEIROERIZONT
EBREToT=, ZOBHE, DEROGFHENIIN =n b0, HFHEOHR LRI O(nd Inn)
Th b, ZDEMT coalescence time DEEFRHVHIFHEIZ OWTHEBERZ T o 72, K B2 132D
RThHsd, K BLIIRB2OHRE 77 7I2LTEHDOTH D,

# B.2. 5% n & coalescence time D R, 7 — ¥ I coalescence time DEWME T, HNLIX[HA],

Fion || FEHEB R
n =10 455.2997
n =20 4779.2388
n =30 18530.1556
n =40 47493.0267
n =50 98986.6891
n =060 | 179504.2158
n="70 | 294804.5399
n =280 | 454908.1312
n =90 || 665046.3705
n =100 || 929777.5032

106 |- 7
10° ¢ E
E[T}] _
10% E
10% E
10 30 50 70 100
I n

B.1. F# n & ¥ coalescence time E[Ty| D27 F 7,
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WIZFEDEEHE N & coalescence time IZB T A EBR AT, ZOERBRTHW-MEIIFOLEFE
2N, 7R3 (N/2,N/2). FIFass (N/10, N/10,...,N/10) TH 5, B3 ZZO/RETHD, £/
K B2IXERB3DHERE7 T 7IZLI2bDTH S,

# B.3. ROEFME N & coalescence time O BfR, 7 —# I coalescence time OEHE T, HALIE[E],

HEHE N || EEHEREIE
N =10 455.2997
N =30 635.7263
N =100 846.1706
N =300 | 1036.0252
N =10° 1240.2445
N =10* 1637.4041
N =10° 2033.1881
N =108 2428.0224
N =107 2825.2828
N =108 3218.1437
N =10° 3610.3090

4000 T | | I
3500
3000
2500
2000
1500

1000

500

| | | | | | | |
10t 102 103 10*  10° 106 107 108 10°
FOEFHE N

B.2. RDOAFHE N & ¥ coalescence time E[T,] D77 7,
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RBIZ, SEIERDEROFE n BLOGEE N IR LT, ITfEFf%E 7 v # MTAER LA
VAR AR LTEREITo, RBAZZOREREEZLDELOTHD, ROMEIF, KA A
A v A% LT 10,000 FOFRITE2ITV, coalescence time D EHMEEZ R -7-b D TH D, £7-. fHIl
Wi Read Once 7V U XA (fHgk A ZHR) #3471, 10,000 %> 7NV %&1GH DIZE LR T, B

LI TH 5,

F B4, T ALT —ZZxT B coalescence time DEHIfE, T — & 1% coalescence time D XEHJE T,
BAZIZEL,  GEINNIZERSIC 10,000 Yo P %155 O SHER R T, BATIZ,)

AEHE N

N =10° N =10* N =10°

n=10| 1157.3895 | 1599.8796 1767.7371
(48.593) (67.187) (73.734)

n=15| 4265.5681 | 5016.5844 5908.3854
(176.859) (209.718) (244.156)

n=20| 9642.4697 | 13473.2172 | 14444.6369
(395.515) (565.171) (598.109)

F¥n | n=25| 16007.2848 | 26803.3977 | 21964.875
(675.921) | (1115.031) (911.328)

n =30 | 27739.6633 | 44529.6742 | 46197.3365
(1166.672) | (1858.515) | (1938.984)

n =40 | 77620.9302 | 85036.9358 | 106695.5401
(3282.718) | (3614.562) | (4425.656)
n=>50 || 161168.3618 | 141916.2711 | 233225.26320
(6764.234) | (5988.828) | (9865.125)
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B.2 Big{E Dirichlet 9% M Coalescence Time

Z O CIxBERAL Dirichlet ARIZHE D =T =7 b7V U TIEICET B ERICOWVWTRR S,
F9°. BEBEIE & coalescence time DEAfRIZ DOV T/, Dirichlet X7t n = 10, Dirichlet /X5 X —
X% (0.5,...,05) IZRE LEREITo -, XBSHIIZTOMRETHS, £ B3 IEXKBSORERE S
T LT DTH S,

# B.5. B YA X A & coalescence time DEf%, T — # L coalescence time D EHME T, EALIX[E],

BERCEIRA | AHER I
A =100 972.3839
A =200 1089.5130
A =300 1154.8049
A =400 1199.7975
A =500 1234.1825
A =600 1264.9268
A =700 1288.4943
A =800 1308.7422
A =900 1331.0509
A =1000 | 1346.4733

1400 — : : : ——
1350
1300 —
1250 + —
1200 + —
1150 + —
1100 + —
1050 + —

1000 n

950 — : : : S —
100 300 500 700 1000

HER LY XA

B.3. BEHLIE A & ) coalescence time E[T,] D7 T 7,
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542 Dirichlet 7RIt n & coalescence time O BRIZDOUVNTFH~7=, Dirichlet /37 A —4% % (0.5,...,0.5),
BERULIEZ A = 400 ICRE LEREIT o7z, KBOIZZORRTHD, M BAITXB.6ORR%E
7771 LlebDTH D,

% B.6. Dirichlet ¥kt n & coalescence time DR, T — & IZ coalescence time DEHE T, HALIZ[E]

FI¥n || BRI
n =10 1199.7975
n =15 4334.8648
n =20 10630.1277
n = 30 36776.8255
n =40 88167.1974
n =50 || 173121.9811
n =60 | 299131.3983
n =70 | 475907.4327
n =280 | 707257.5348
n =90 || 1002441.1870
n = 100 || 1382016.3669

10 30 50 70 100
Dirichlet IRJT n

B.4. Dirichlet kit n & ¥ coalescence time E[T,] D7 T 7,
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