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�������������������	 "!$#&%'�( �!)#*�����+�*���*� �-,�.0/�1�2(3 �*4�5"6����-�

�7�	�7� ��8 Coupling From The Past 9 CFTP :V;'=Z>�?-@�B	C�D�;*E"F$;7G H �)�-� �7�	� 9����1	�	
�� ���-�+����� : Perfect Sampling :��7L�Mr;'!$#S%'�� "!$#'P .OQ � R�T �
U-W'X�Y�W7[ 9 Las

Vegas type :<�(\	]^P .+Q �SRZT 9 randomized algorithm : ��8A_<`Za ;AbVcOd E"F$f'gO�'h�!-% ���
V�-i H j�l � 2 mZC	n�o^��p	q<�$�A�K�'�(�)t u�v	w Dirichlet C(D�;�G H �^���K�7��� �<x #�%
y�z�{(z<��j*l�;'|KdN~��"�r���
5 9 rapidly mixing : ,�.0/(1�2�3 ���	 �!�#&%O����; 8V� zK�N� ,.+/(1�2�3��(��� 9 monotone : �Zx # � t�� � d 8	��� CFTP 9 monotone CFTP :
P .OQ �SR�TZ�
�
��!0#�%
,(. /(1'2�3 ��4<5<6	����� ���"� ��8",	.+/�1'2"3�
 ����� .�� 9 Markov chain Monte Carlo:

MCMC :�� 8 Gibbs ����� U � 8 EM P .0Q � R"T 8 Metropolis-Hasting 9 M-H :����������������<t
5� '6"! ��8�# �%$'& 8)()*'# � 8,+	-�.'/�0	821'354 C 8�6%7�8 & 8,9%: w
:	� 8<;>=?�A@ � 
 � W �
T(f?B2C'D<;5E(6<#NC�FV;"G�z$#&%�HJIr�-��:�K
M5LV��M"NV;PO?QSR%T	U)f(j*l);*|	!�#�� : � L�MKt
fVQ 8
� zs�&�	W(� �JX 4 a ;74
5�� z$#,YPZ �\[�] ~<?-6�% � z�;_^
5 8',�.0/�1�2	3 ��4�5�6 U �` T"a5b��r;�c�!$#d& �<a�e�fZ�"gih��
x #&%?j ��k',�.+/�1�2�3 �����V�A��� 9 mixing time :
�8:
@<;-�"5�~ 8"l�m�n P .OQ �kR�T"& � � e�f%o �pj"q<;)r�L a f e�fZ� m?E-zV~(5�# [21, 24, 38, 48] %
p5s$; ,�.�/�172�3 �74Z5
6��^�����'������4Z5 �ez0#�|pt ��8Ju
�Pv = ��lpm�nZa ;\w�x �	ypz1^� R)??{ 8 ;<; �"|'1 �)}O# � t�� ]5~"�^�
x #�% � ��O0Hkf-|pt$;'|�dN~'�	�r�)�A� �'��� �p~���Zx Q 8	��� �$�����'�	� �)�P� �Sz�# _V`V�	� Br;�R)?�{'fP �~�d��	5%� `�aZ� f�{*fr#�%<y ��V��u ��C�D��d���AC�D$;_��� 8 �"�V���Z5 9 rapidly mixing : ,�.0/(1�2�3 ���"��!$# � t � � `�a
f��)�A�K�7�	��� X G^� ��� !-%�!�fpE�� 8�� a �AC	D0�_����C(D0;"�
� ,�.�/�172"3 ���Z��d 8'�
C�f'� 1 �"�����*mV5 U � ` T��^��� . ��a5b�!0#�%�d�6 �  (~ ,�.�/(1*2"3 ���
��;��
5�~J�p�^�� 1 t����AC	D?�+�N��C�D$�"��Qk�%R^?^���Pcd� �\�"� � zO#N%�p� _<` mP� �p� ;	� ] �ezr6 ,(.O/	172�3 ;�|�dN~ ��8 ��� _Z` m������J� 3 ;"� � !�# � t �
mixing time �-:
@ � L�M �
x # [45] %'H%I 8 Boyd et al

�\ypz�v =0t �'�0� U(1 �J� ] � zV6 ,�.+/1*2"3 ;'|�d&~ SDP 9¢¡'£�@ 3 � 6 :r��gO? 8	¤ 2 ��� 3 �JR)?r�-� 9p¥ ;'!0#�¦Z�r;A�"5�~ ��� d
~	5)# [5] %Kdd�0d ypzpv =��JR$?�f-|'t 8
x #�5 � ��§ZR<�_}�# � t�� ]%~"� f-|'t);'|sdN~ 8 ���_<` m���� � ;�� ] �ez�f(5�6�¨ 8 �J� 3 �"�%��:Z@(!O#_W"� �"© �0t �5ª G X
a f k �Ot � f� 	~
5<f�5�%GJ« 8*,A.�/�1�2(3 � mixing time � :
@��+t�dS~�O�{ 4"5+� z
~�5�#¬W	� �Z/ � ` 
'­ � W 9 Con-

ductance :�� t Coupling � �
x #N% / � ` 
p­ � W � � Sinclair and Jerrum �A�	 d&6'W	� �(8",.+/(1*2"3 �����O� U	1 N �'_V` �	®�z)�"¯ ]-8$/ � ` 
�­ � W 9°®"z^;�{"�7�	±":$�7�
:�!O#)W���Zx # [46, 44] %Zp�¦ 8 Coupling
�J² {_�O� ,(.�/(172"3 �A����� � !p³P´st"d�~�4<5K�ezr~	5Z6 �

Aldous
�

1983 I0; � �'W����)�µ��5<~ mixing time � :V@	!+#\W����'�� d�6 [3] %i��6 8 Bubley

and Dyer
�

Coupling ���)¶P·�dk6 Path Coupling ���N�( �d 8 ����;�¸V5	¹(!�5J$r;)dk~(5�# [7, 6] %
p%s a ; / � ` 
�­ � W � t Coupling �^�_º�»�!$#rt 8V/ � ` 
�­ � W � � Cµ{�� ,�.0/�1*2	3 ;'|
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o 1.1. C"n�o^�Ap	q<�$�-�K�*���(;pc 2 !O# eif %
1985, Diaconis and Effron [12], 2 �	C"n�o^���Z@��<�A�	 ,

1995, Diaconis and Saloff-Coste [13], m∗ × n∗ C�n�o^���PC�����; =JH
	
p	q�a'b�� ,

1997, Dyer, Kannan and Mount, [18] 2 �	C"n�o 1�] N��(j�l^����:�w�x�
 ,

1998, Hernek [23], 2 × n C�n"o�����C
����;<=	H�	Zp�q�a%bZ� ,

2000, Dyer and Greenhill [17], 2 × n C�n"o�����C
����;<=	H�	Zp�q�a%bZ� ,

2002, Cryan et al. [11], m∗ × n C"n�o^����C
����;<=	H�	Zp(q�a5b
� ,

2003, Matsui, Matsui and Ono [33], 2 × · · · × 2 × n C"n�o�����C
����;<=	H�	Zp(q�a5b
� ,

2003, Kijima and Matsui [28], 2 × n C�n"o�����C
����;<=�E�F<p�q�a%bZ� ,

9 � : m∗, n∗
� y(zZ{�z<@ 1^�
x # � t'�7o"!�% :

dN~���: � m<55¹�!
5��PZ	:Z@ ��� 5 � t � C"5
�
;'|�d&~ 8 Coupling � � :
@ �p~)���"� :
@ � ?
6
f0� ­ § � fD:<@ � m ] #Vt���E�z<~�5^# [21] %
,�.+/(1*2�3 �'4
5Z6	�)�A�K�*���(�	C { � H�	V�)�����'�(� �Zx #�%}d��+d 8 H�	r�$�-�K�7�	��r��8 B h f<;����+��� Qeh�d*~ k @ZB�C"D+;-E�F+;AG He�0�(������� ��� L	M �rx #*% � z$;�|
d 8 Propp and Wilson

�(�
�r��� {���?(P . Q �NR
T<��¯( d�6 [40] %VyZ�
P .�Q �NRZT � CFTP

P .�Q �&RZT 9 x #'5 � backward coupling :Kt�����z 6! <a P .+Q �NR
T�tZdN~5� � �#"�$
~�5�#
[41, 14, 22, 50] % CFTP P .�Q �SRZT �&%(' ��) .�Q �+* a f��i� ,(.�/(172"3 ;-|�d�~ 8",	.+/	12"3 �P�>�)�����i�>���(��,�-"!0# � t � @�B	C�D0;7E�F�;�G H �)�A� �'�(� 9���� 1���
 � �)�A�
�7�	�':)��L	MKtk!�#�%��� 1p�p
 � �$���K�7���"�7m H/.�0^��132r; 3 �
45�r#�% 1 � � @"B	C(D0;'E"F0;�G H �)���K�
�	�"��mIH � t ��8�6�7 � U�8 � ­ �"¯
9�!�#;:�< ��= {*fr#&0 �Zx #�%�CV{7�"Y mV8 �$�-�K�7�	�� H�	^P .+Q �kRZT	��p?>st�d�~	G"zO#N% � ��;ZP .+Q �SRZT(�Jr!
�� ��� �*m H 6�¨	; 8�6�7 � U8 � ­ �'�
@ � :!<<fA5 � t � :�@r��@!Ar;7!�#S%���6CBr;_r?
V��D	5	�^���+�����	�&<(!$#�; 8 �P�1p�p
 � �$�A�K�7��� � H
	r�)��� �����PO�Q k �<5VP .�Q �&RZT$t'fr#�% 2 � � ;FE�G
bVc"P .�Q
�SR
T �Zx # � t � 4H���ez0#�%�H
	<�$�����'�	� �Z��8�X�I ; � :<@ ��� 55Y m��ik & �Za f"r!

��J(K��r�kzZ6CL � �#M0#�6�¨	; � & � ;'=
>"5�6p� 1 �\���0��mIHN:�< ��x #N% d¬�Od CFTP ;-=
>�{<��� 1p��
 � �^��� �7�	� �
��8 P .�Q �&R�T � b<cA!�z��'E�F"g$f�� ��8 :<@?O�Q k&O � ` �
t
d�~�P {NbiEr#�L(M 9 k�x #�% 3 � � ; 8 CFTP ;�Q�RZ# coalescence time t mixing time ��=
�c_� � }��ezV~
Q�Q 8'X mVL	M�f���� 1���
 � �$�A�K�*��� � ��� � ?7zH� 8 ��:5K X?S �*mr5 8�XSZa ; ,(.O/	1�2�3 �-��� WHT �U* � X
SZa :Z@�W"� t
dN~CV 3)��x #�%i�"6 8 � �"�?�,���µ�'��;
Q�R
#���� 9 � �'u t
d&~ k78 y
�	L�M 9�� U(W � z<~�5^#�%
d¬�0d 8 CFTP P .OQ �kR
T � yZ�p��� �
��8�,�.O/	1�2�3 ��X y�z�1 ;�º
Y�!0#*��:�±��&:�<Kt

!�#'6�¨ 8�y�z'1 �	C�5�|5t);'|sdN~"� `
a���� f�5�%�|�tKte!0# ,�.0/�1*2�3 ; x #�Z�� [ ����93\
9 monotone : �Zx #D; 8 � `Za f CFTP P .�Q �SRZT	�A��� � L(M�t*fr# [40, 41, 14, 22, 50] % � z
� ��� CFTP P .OQ �SR�T�t]�?^�%�p%s$; [ ��� f \	,�.+/�1�2"3 �-��� �p~)���(8^� z�� �%X!I ;���

CFTP P .OQ �kRZT(�A���K� zr6CY �&_ f�5(%�	��
<��� C	n"or�-p(q<�^�A�+�*�	��t Dirichlet C�D�;7G H �^�A���*�(����y(z
{�z^;'|�dS~ ���
f ,�.+/(1�2�3 �7�	 d �(� CFTP P .�Q �&R�TZ���Z�	!�#�%
C�n"o � � ] � zV6-m3` 8 �3`^�#ar6�!µO�HSf ��b?cP1 �+��fed�o f mP��geh�i # ��j�� ­�k;lnmo(p&q3rtsvu d�w�x
y?z p�{!| d #�}p0�~������!��� i�� �v�����(������� � s�u d�w Fischer

���?�
������� �3�(��� ���!�e� �(�
�(h � d�w Diaconis and Effron �Cx
y!z ���(������� � �����Fk ����
r d [12] w ����� ����x!y!z k X � 4 | d3  � hC�5¡ u d � i
x?y�z � X � 45�!¢�£Hh � d¤w(¥ q~ep ��i ���3� �3h�¦ u d p § ��}?¨Hp�©�ª�«�¬#­!®3¯�°�±!²�ª´³ (MCMC) � ��q3rµs�u d�w
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� y!z ��������� ���¤�
©�ªt«�¬&­!® k&q(r d��!� p	�C| d�

������������� | d¤w Diaconis and

Saloff-Coste [13] � 2 � � y!z p&{!| d&i������ ©�ª «�¬;­
®����� 
�HpC��r!����� ���
r d�w"! s �� y
z � ���ei � � k�# � ����$ i%�%�&� ©�ª «�¬;­?®�� �%')( $�* h �	 ?| d�  ��k,+ ��� w Dyer,

Kannan and Mount [18] � 2 � � y�z ��- � k �/.3d�021 � �)� k 2
p�# � ���43�5 h/6�. #P 7�8

h � d�  ��k9+ ��� w #P 7	8H�2�:.";
<�0�1 p�{!| d }?¨>=(��?>@�A h
i NP ¢�£ �
?)@4A�p"B � i
� �
C hED9F	G ~ £ �]r 0�1 �
?>@4A´���¤��H)I 6 u��
r d [47] w�! s ��  � �J.�;�<�021 �4K�L	M
� k9N�}?| d C h�O ��©�ª�«�¬&­?® k&�
� ���?r d¤w	P	Q>R ��S �)TVU r	$ i4! s;���!� ���?©�ª�«¬#­!® �&���&WEX�Y � � � ��'>( $�*�Z4�	 �|:[ w

2 � � y!z p�{ ����\ Hernek [23] �"���E� ©�ª´«
¬;­�®�� mixing time
� z ��5�} § � � � � ��'

( $)*�Z�] 62. svu:[   ��k,+ �]� w Hernek � ©�ª «�¬¤­!®e� mixing time
k

coupling theorem
k&q

r���+ ����rE[ w Dyer and Greenhill [17] � 2 � � y?z p&{ ����\�^�_Hp��	 `
rapidly mixing a |:[b �]r!©�ª�«
¬;­�®:c#�?� ��� w3� ��©�ªt«�¬&­!® ��z �"53} § ��{ � ��� � � ��'>( $�*�Z4�) !|[ w�! s ��� uEc Bubley and Dyer [7]

����� �]�
path coupling

� ��� c;q�r!��+ �]��rV[ w Matsui,

Matsui and Ono[33] � Dyer and Greenhill
��d�efc

2× · · · × 2× J
� y?z p�g>hµ��� w>i �%\�j�Ke�


�� Z � Cryan, Dyer, Goldberg, Jerrum and Martin [11] �;�	� ` i � � � ��a # � ��$�\ Dyer and

Greenhill
��©�ª�«�¬#­?®fc�g�hµ���

2× 2
­!®��

rapidly mixing
Z(��[   �2c3«?°%k)?	l�°"A � c&qr���+ ���
rE[ w?¦%� \���m�� m× n

� y!z p�{!|:[ rapidly mixing � ©�ª�«�¬;­!®�� ��� pC�!r��
� TVU �2n M�o 0�1 Z(��[ wp���q�Z � b � r�©Cª «�¬¤­�®Vc�����|V[ w ���!|V[&©CªF«�¬�­
® � Dyer and Greenhill

��©�ªF«�¬
­�®��,r�s(�Cr � ��t)c�u)vF� � D ��Z!�	[ w�  �C©�ªF«C¬�­�®(p;{µ�w\yx%z�{)*
p9| O��"}2~�� c��4���\]©�ªF«�¬�­�®(���"���Vc�+ ��� w2i �4\v���?|V[;©CªF«�¬�­�®(� mixing time � n(n−1)2 ln(nN/ε)Z%] 64. s uJ[ w �)�µ� n � � � \ N �Cz ��53} § c?� s ¡ | wt  �%�&� � Dyer and Greenhill

�
� �5�

path coupling � c�q3r(� �5� ����\ ! s#�4� �E���4� r��>�	�H�����
Ze� � � w Propp and

Wilson � [40]
Z	\ D ��©�ªt«�¬&­�®�� ��'>( $�*�� mixing time

c��/���%� � s�\ coalescence tiem

D2��'>( $�* � � [   �"c9+ ���?r:[ wt  �4� ��������� s�u��%d!�/c���q�|/[   ��Z�\ 2 �>��y�z
� {!|/[ ��'>( $�*!�����H¬��)?��¡ H°4¢¤£#°�¥%¦Cª¨§V£�©�ª)c�N�} ��� w �!� �¤�	¦�ª�§E£�©>ª
�}?¨�$>*���«)¬ §5� O(n3 ln N)

Z��
[ wt  �"d	e � #P 7�8V��0�1f� { ����\���������� �:.";
<	�
F	­ �4® �°¯   �"c,+�±
|J[,²)� � d�e ��¯ . [ w

Dirichlet ��³�� ��´)µ	¶)·e� ��� �4¸!}�~ �
����WE¹ [ ��'	�%³ �%º��>\�º�» ��³ �!�����9¼���¼
¦ uf[ w ��´�µ�¶	· ��W ¯!��\�½>¾�¿	�&l4t:ÀÁ`ÃÂ�Ä3� a�Å>Æ c4Ç U�È   |�É%Ê)ËVc�Ì
� ¹ [��>Í���ÎÏ ��Ð)ÑÓÒ	Ô�Õ ¸	Ö�× �!����Ø¤�°Ù ¯ÚÀwÛ Õ ¯f[�Ü   ÛÝÀ�� �
�ÓÒ	Ô�Õ EM

¦�ª�§E£�©>ª4\?©�ª´«�¬
­!®3¯�°�±!²�ª ³ � \ Gibbs

 �°"¢�@��(��� < À�Û:[,Ü Dirichlet ��³��4��')�%³/��W�¹ [,�/@%Þ4��l��Â%ß>º�� ��³V� ��Z�\   ÛÓÀ¤� ��� � ��'	�%³ ��º�����[2¯ � º�»��>à Ò	Ô�ÕJÔ ¼ Ô ¼ ¦ Û:[ [42]
Ü

� Ò�. ¼%\ Niu, Qin, Xu, and Liu ��á>'ãâ9�2ä)å [�¿/æ�¢�³�l�ç�¢���è>é c��
à�× ��� Í�[�ê�ç�ë¦�°,ì
¢�³�l"ç�¢2r ��� c#�?� Ô�Õ ¯f[�Ü�íH�"î Ò>Ô�Õ \ Pritchard, Stephens, and Donnely
��ï�ð

ñ�ò�ó r � ¦�ª¨§f£�©>ª?��ô < ÀõÛJ[ [39]
Ü   �)¦�ª¨§:£�©>ª�Z � MCMC � c Ù ¯ Õ ¯V[9Ü   Û�À�"î ��W ¯ Õ \ Dirichlet �%³ � �&ö �4÷�� Z�\"�Eö � �/@%Þ��El�c Ò&�%Õ�¦ ÛJ[�Ü Ô ��� �%Õ \"ø�ù� ÷	�¤Ò �/@%Þ4�El)c9�3� Dirichlet ��³ t/À� 5°4¢Ú£&°�¥)c �:. [�ú�à)×�¦Cª�§f£°©�ª
�%û i Û/[,Ü

Dirichlet ��³F� �%ü�ý è4þ �ãÒ ¦/ÿ�ª���� ý�� ��ú)e�� TEU 6 c"Ì�� D	� [30]
\ i � ��
 � Ò�Å�Æ ���þ�c2� ­ [��
Í!��Þ�l9M��Jc ��
 c ��
����&D2Ù ¯ÓÀ�Û¨[ [9]

Ü
Burr � [8]

Z�\�� �Ý6 Û��%ï)ð ñC�������¦Jÿ�ª5� ��³/�"ä)å [��)L������!������� � Dirichlet ��³ c Ù ¯ Õ ¯:[,Ü Kitada, Hayashi

and Kishino � ï�ð ñ Ò�� ú � ï�ð ñ � TEU 6)Ò ��*!��É�Ê�×��� e��r �&� Dieichlet �%³ c Ù ¯ Õ ¯[
[29]
Ü

Graham, Curran, and Weir ���"! ·3�?�>Í���©�ç�?�³� 
±V@9ç �$#�% ��ä�å ['&�(�)	É%Ê>Ë*?��àe�%Ì+� D,��� Dirichlet ��³ c Ù ¯ Õ ¯f[ [20]
Ü

` ­�- a Dirichlet �%³ t:À��4 H°�¢¨£;°4¥���. Ò ���2� ��Ò�Ô�Õ��0/21  �°�¢�£;°4¥��!�>[ ` [15] 34 a Ü Ô t Ô �:@�Þ"��l��65 6 ¯ Ò \ n = 2
�23�5 ` ê>�&l �4³>a Z 62.7/21 �#�>à �9å989� T�U �,���
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Õ¨Ô�i ¯%�J@4Þ4�&l § ��5 6 ¯ Ò U \�ú>à>×>Z � ¯�Ü�íH� �?�ÚÒ	Ô�Õ \����:c  ���� Ô \ Metropolis-

Hastings
¦�ªJ§V£�©)ª>c Ù ¯V[ �?� ����[�Ü�K	��\ Matsui, Motoki and Kamatani

�6 
���
Dirichlet

�%³V��� 
  5°�¢�£&°%¥�����Í���©�ª «�¬#­
®fc#��� Ô�Õ ¯E[ [32]
Ü � ��©�ª´«�¬;­?®�� mixing time

� (1/2)n(n − 1)(1 + ln(∆ − n)) log ε
Z�] 6�. ÀwÛ/[�Üp
�)q�Z���� å [&©�ª�«�¬¤­!® � Matsui, Motoki and Kamatani

��©�ª�«�¬;­!®��2r	s��4¯ � ��tc�u
v Ô � D �	Z�\ á r)s&Z �  
���>ê��El �%³ `
2 ÷	� � Dirichlet ��³�a&�
� 
 ��à
� � ���%�/c

� 
 Ü i ��\C©�ª´«�¬;­
®���x�z	{�* � 2 �	����� ��3�5 Ò � ��� }"~)� ��þJc9��� å [�Ü Ô t Ô \,rs
�>à3���4�&Z � ¯��>Í�\"���
�����&� ������� �23�5�� X 
°��� �	Z ���E� ‘alternating inequality’c2��� Ô�Õ + Ô �4Ü?�!� å [&©�ª´«
¬;­�®�� á r)s���Ö!¨)= � [32] Ò ��� Z�\>¦�ªJ§f£°©>ª>C4Z��>�
� r�sH�2«�¬ �"�5� O(n3 ln ∆)

Z���[�Ü ����Õ \ n
�

O(ln ε) X � 5 6 ¯ Ò U \ �
� �?� å [ ����� KL �:X	��D _ � \ Ô t D�� ÀõÛ/[���à
� � ê:? � ª ���
����³:���
�f��� 
 Ü
p
�	q(� ò � ����� � X	
°�����"Õ ¯�[�Ü ÷ ���>Z�©�ª «�¬;­
®e�2�� �� � �&­ å [ 
�� � 
 �2\�p�)q �	�! ��þ å [ 2

�(� �!��� �>¯ Õ	")­ [�Ü$# 3
�>Z � 2 × n �����E�"ä	å [ b Ô ¯!©�ª�«
¬&­®:c#�
� Ô \ CFTP

¦CªJ§V£°©�ª ��%�& ¯��� 5°"¢�£&°�¥ � c#�
� å [�Ü
# 4
��Z �  ���� Dirichlet

�%³V��� 
 b Ô ¯?©�ª�«�¬¤­?®fc;��� Ô \ CFTP
¦�ªJ§�£�©	ª �
%�& ¯!�� �°"¢¨£&°%¥ � c¤�
� å [�Ü#

5
��Z�p!�)qfc i/Ò Í�[�Ü
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�
2 �

� � � � � � � 	 
 � � 
 � � � � � � � �

������������� �"!$#&%('�)&*,+.-,/0#&13254,67'�8:9;-=<&>�?A@&BC2EDAF
1 G ��� Bubley and Dyer'AH&IKJEL

Path Coupling
-�<�>�?M@NB��:F

2 G � Propp and Wilson
'AH&IOJEL

CFTP
-�<�>�?M@B32$D�F

3 G �P�AQ%L& .R4¢TS0R:U:-�V.W�2 mixing time X CFTP
-"V7W�2

coalescence time
'N/0Y-�<�>�?"@NB 2ZD

2.1 Path Coupling��[P\.�;�,],^`_`a7'�b`ced
R
�,fgJ$��h�L�iP^ jlkNm�i`^7�,n&iP^(o:_;a('Ab;cpdMq&r(s&r

Zj
Z+, Z++

o&�AfN1�D"t`u�'=v&w&x;y
Ω X{z&|:}P~M�N� P

d���<����p�,!$#&%
M
d0�7��2EDN���p�M!#&%

M ���:� j irreducible
o�����2 X ���P�;' 2

<P'Av&w
∀x, ∀y ∈ Ω

-���JE?,�
∃t > 0, Pr(Xt = y |

X0 = x) > 0
�P�`2�� X d�����D`h&L,�,�,�p�,!�#&% M �,�,����� j aperiodic o`�P�P2 X � ∀x ∈ Ω,

gcd{t ∈ Z++ | Pr(Xt = x | X0 = x) > 0} = 1
d�����D(LN�TJ

gcd
�=���M����^ d0fN1"D:4��.�"k&��`�`  t(u,�"�T�M!�#N%3d,¡"¢.£�¤¦¥ � j ergodic o X5§�¨ �N©,ª('M«N¬,­,® d0¯±°=�"²7u"­M® ��«�¬­,®3-AªN³:1p2ZD>Ph,�&´,�Tµ�¶¸· �;  �,�T�M!0#N%

M
��«�¬,­,®

π
d�¯`< X 1 2$D`�,�p�:!0#&% M � reversible�P�`2 X �=¹('Aº�» ��¼g½¿¾ <p� X d�����D

∀x, y ∈ Ω, π(x)P (x, y) = π(y)P (y, x).L&� J
P (x, y)

�
x À3Á y Â ' z:|&}�~ d�f&1"D7��'(� X �A«"^ c > 0

-��ÃJE?M�:/0^
q(x) = cπ(x) �

∀x, y ∈ Ω, q(x)P (x, y) = q(y)P (y, x).d�ÄCL,1T� X�X ºNÅC�`�(2�D`Æ;'Mº�»3d detailed balance equation X >g�ÇD`�M�È�&!�#�% � detailed

balance equation
d�Ä(LM1�É��

M-H
#&% X ���Ê�ÇDË ª�'�tPu=v,w:x�y

Ω
Æ�'

2
<�' }�~ ­�® ν1 X ν2 ��Ì � Á rPL"É,� ν1 X ν2

',y,'AÍMÎ,Ï:Ð,Ñ j
total

variation distance
oC�

dTV(ν1, ν2)
def.
= max

A⊆Ω

{

∑

x∈A

(ν1(x) − ν2(x))

}

≡
1

2

∑

x∈Ω

|ν1(x) − ν2(x)|

X «:Ò�ÓÔrp2$D�vNw�x(y Ω
d0¯`<�´,�Tµ0¶¸· �`  �M�T�:!�#�%

M
-=�KJZ?

mixing time
���`�('Mn^

ε < 1
-��KJE?

τ(ε)
def.
= max

x∈Ω
{min{t | ∀s ≥ t, dTV(π, P s

x) ≤ ε}}

X «"ÒTÓ¿r±2ED,L:� J5� π
�A�"� �"!�#&%

M
'M«:¬"­M® X J¿� P s

x

��Õ � v:w
x ∈ Ω X JE?MÉ=Ö 0 ÀpÁ',É�Ö

s ≥ 0
h&� zN| ÓØ×7L,É`'M�M�e�,!�#N% M

' }`~ ­,® X 132�D(h&L"Ù.- τ = τ(1/e)
d

mixing

rate XZ§:Ú D
5



¹;'
Coupling Lemma

����� ÀeÁ�� Á r;L��	�.�,�M´:�pµ0¶ · �`  �M�p�,!�#&% � ©:ª`'M«�¬M­,®-�)�*N1 2�� X d�
N1
�`-���> Á rp2 [3, 6, 22, 21]
D

�	�
2.1 (Coupling Lemma) }(~�� ^ X, Y

� Ë ª('�v�w�x;y
Ω
-�� ½ �Nq,r`s,r }(~ ­:® µ, ν

-JZL � � De�A'MÉ dTV(µ, ν) ≤ Pr(X 6= Y ) =
∑

x6=y Pr(X = x, Y = y) ��¼g½¿¾ <:D
�
�

: � ­:b�c A∗ ⊆ Ω
�

maxA⊆Ω

{
∑

s∈A(µ(s) − ν(s))
} d�]��:1p2

A X 132�De�A'MÉ��
dTV(µ, ν) = max

A⊆Ω

{

∑

s∈A

(µ(s) − ν(s))

}

=
∑

s∈A∗

(Pr(X = s) − Pr(Y = s))

≤
∑

s∈A∗

Pr(X = s, Y 6= s) ≤
∑

s∈Ω

Pr(X = s, Y 6= s) = Pr(X 6= Y )

� ½ �P�±d��e2ZD �¹;'
Path Coupling

«��.�
mixing time

'"Æ`u;d��P«:132�L �:'�!�" �;  8N9`'	# X <`�P�`2$D
$',«��.�
Bubley and Dyer

j
[7]
o;'	%�S'&�(,�('7�A'P-��KJE?&��).'�*�Ó�'�i�^N+ d,+`«ÈJZ?:>   >

- �/.   2 � �M��0�1�2 d
d�354N132P� X � Ë�6 '/798 ��� �P�A' �5: �=��; �`  ��'&�P�   >MD

�	�
2.2 (Path Coupling [7])

v�w�x;y
Ω
d�¯;<��M�È�:!�#N%

M
�"´&�eµ=¶¸· � X 1e2$D
<	=?>A@U?B:!

G = (Ω, E)
�DC - b�c

Ω X )&b�c E ⊆

(

Ω

2

) d�¯3°=�A#�E   U?B,! X 1p2ZD�>�h:��)7'�*ÃÓAd
l : E → R++ X 1p2$D U B:! G

'A�`�('/C - y
{x, y}

-A�KJZ?
x X y

'�yN'F1�2±d
d(x, y)

�(2�>(�
d(y, x)

��f JÔ�
x X y

'`U?B,!
G
Æ;'A�5G�HJIN'�*ÃÓ X 132$D`L&�TJ�HJI&'�*�Ó X �DHJI"ÆP'�).'/127'�c K`�;�;2$D`>`h

coupling (X,Y )
-A�OJZ?

coupling
' z�| (X,Y ) 7→ (X ′, Y ′) �/L	M J$?:� XV � ¨ Y

-&/A1 2$��N zN|&}`~;� M
-�O;>

0 < ∃β < 1, ∀{X,Y } ∈ E , E[d(X ′, Y ′)] ≤ βd(X,Y ).d�Ä7L�1 X 132�D �=',É&�:�M�e�,!�#N% M
'

mixing time τ(ε)
�

τ(ε) ≤ (1 − β)−1 ln(D/dε)
d�Ä7L1�D(L&�TJÔ�

d
def.
= min{d(x, y) | ∀x, ∀y ∈ Ω} X J D

def.
= max{d(x, y) | ∀x, ∀y ∈ Ω} X 1 2$D

�9�
:
ÉMÖ

t ≥ 0
-MV�>P?

X = Xt
�=­&®

µt
-DO(>��

Y = Y t
�M«�¬:­:®

π
-�OQP:?:>32 X 1e2�D

Coupling Lemma
� ½ ���P�(',É�Ö t

-=� JZ?:�
dTV(µt, π) ≤ Pr(Xt 6= Y t) =

∑

x6=y

Pr(Xt = x, Y t = y)

≤
∑

x,y

d(x, y)

d
Pr(Xt = x, Y t = y) =

E[d(Xt, Y t)]

d
(2.1)

�(�;2�D`>(h:���;�C'
X,Y ∈ Ω

-"�OJ�?N�	R S � X = Z1, Z2, . . . , Zp = Y (Zi ∈ Ω) �FL�M J�?
d(X,Y ) =

∑p−1
i=1 d(Zi, Zi+1) X 1 2$D`«F�7'�+;« ÀeÁ

E[d(X ′, Y ′)] ≤ E[
∑p−1

i=1 d(Z ′
i, Z

′
i+1)] ≤

∑p−1
i=1 E[d(Z ′

i, Z
′
i+1)] ≤ βd(Zi, Zi+1) = βd(X,Y )

� � Á re2$DÈ�N�A� (2.1)
»3d �5: JE� t = − lnβ ln(D/dε) ≤ τ(ε) = (1 − β)−1 ln(D/dε)

d�T�4�12 X
E[d(Xt, Y t)]

d
≤ β

d(Xt−1, Y t−1)

d
≤ βt d(X0, Y 0)

d
≤ βt D

d
≤ −eln D

dε
D

d
= ε

�A¼Ê½Ø¾ <MD �
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2.2 Coupling From The Past� G �`� 1996 � - Propp and Wilson
'�H:IOJZL

Coupling From The Past (CFTP)
-�<N>P?�@�B2$D

CFTP
'����������	��$P' X V ½ ���;2ZDP´,�eµ�¶¸· �;  �"�T�M!0#&%3dD>`u�
 z&| ÓØ×e2�� X�:�N«N¬,­,® -
���±-�O���BNR����% ±R"¢��±d��p2�� X�� ����2�D`>Ph,�F+�� � -�>Pu�'���� ÀpÁ >u�
 zN| JZ?&>.2=�M�e�,!�#N% ��L5M 132   Á�� �NqP',�M�T�M!0#N%7'/� M '"v&wC�M«&¬:­M® -����-�OÊ� B&R	���" 7R"¢=�`���P2ED"�"� �M!�'�#:%;'�� M '=v&w � �����`'N��2�É - 'Av:w(-�� Á�� �,�É - -"V7W�2=©,ª�]5�����   v�w`�`�;2 X >K� 7�� � � Á r(L   Á �NqP'�vNwC��«�¬:­M® -�O � }`~ �(�P�`2ZDÈ�Er � CFTP

'"!��7�P�`2$Dt�u&'Av:w&xPy
Ω
d&�M°�� z,|,}�~M�&� P

dN��<&�A� �"!$#&%
M
�=�Z4:�`��kM� � ��1  �# °0´M�µ�¶�· � X 1C2ED M ' z,|�$&% �=�Zª 6 ]"^�'"^ λ ∈ [0, 1) �AÌ � Á r`L"É:� update function X¿§(� r2�)�« � /�^

φ : Ω× [0, 1) → Ω
- � PA?�*N@TÓØr±2ED(�N���

update function
�

∀x, y ∈ Ω, P (x, y) =

Pr(φ(x,Λ) = y) � Ä±LTÓ�r.?�>   WAr ��¼ÊÁ   >&D+'�^ � λ = (λ[t1], λ[t1 + 1], . . . , λ[t2 − 1]) ∈

[0, 1)t2−t1 �"Ì � Á rPLMÉ�'MÉAÖ t1 À3Á t2 Â ' M
' z&| �,)�« � /0^ Φt2

t1
(x,λ) : Ω× [0, 1)t2−t1 → Ω�:f9� ÓZrT20D;L`�ÃJ$�NÉ:Ö

t1, t2 (t1 < t2)
-M�gJ�?

Φt2
t1

(x,λ)
def.
= φ(φ(· · · (φ(x, λ[t1]), . . . , λ[t2 −

2]), λ[t2 − 1]) X «:Ò&132�D�Zr Á '.-&/ dD��>P?,�  - �P  CFTP
���pµ±S102�&���?$�' � �E-�*�@ÈÓ5r32�D

3 ¢C£5416�7
1 (CFTP)

Step 1. 8:9�;5< ¶ 8:= RA'+>�?`ÉAÖed T := −1 X 1 2$D�x � λ
dD�&�&1p2ZD

Step 2.
'&^

λ[T ], λ[T + 1], . . . , λ[dT/2e − 1]
d"@ ¼ JZ��^ � λ

'�A+B3-�C 4P1e2$D�1  +# °"�
λ :=

(λ[T ], λ[T + 1], . . . , λ[−1]) X 1 2$D
Step 3. Ω

'=_P?:'�v,w;-�<:>&?"�1'"^ � λ
d'��>&?"É�Ö

T À±Á É�Ö 0
h:�"�A�3��!Z#,%.d z,| Ó ×±25D

(a)
�.J

∃y ∈ Ω, ∀x ∈ Ω, y = Φ0
T (x,λ)

  Á
� y
d�D J5�.E+F�1 2$D

(b)
qg� �   W�r � � 8:9�;5< ¶ 8:= RA'�>	?PÉ�Öpd T := 2T X JZ?�I�GIH
J 2

-�K32$D
�	�

2.3 (CFTP [40, 14])
tPu"�A�3��!Z#&%

M
�=´��3µ$¶�· � �=v,w:x�y

Ω
dN�"°0�

update function

φ : Ω × [0, 1) → Ω
�&«MÒ�Ó¿r;?:>C2 X 132$De�A'MÉ&� CFTP

���pµ±S10�� jL���pµ±S10��
1
o �0};~

1
�&M(N�1 2   Á �F� Á r 2�O±� M

':«&¬:­M® -
���±-�O�� }P~�� ^.'M]5��O7�P�`2$D
�
�

:
�=�pµ±S10��

1 � M2NeJEL X 1 2$D	� Á r;L�O3d y X JÔ��M(NpJZL,É�'�P�Q7' 8R9�;S< ¶ 8:=R�'AÕ � É"Ö d
T < 0

� zN| -UT �V'M^.' � d λ = (λ[T ], λ[T + 1], . . . , λ[−1]) X 1 2ZD`>�hM�:ª 6 '^
λ[s′] (t ≤ ∀s′ < T )

d�@ ¼ JE� λ
′ = (λ[t], λ[t + 1], . . . , λ[T − 1], λ[T ], λ[T + 1], . . . , λ[−1]) X 1 2�D���=�&�

λ[s] (T ≤ s < 0)
���"�eµ±SW02�:��� Á r(L�',^C�`�`2P� X -	X&��1 2�De��':ÉN�3��',�,��:!0#�%3�"ÉMÖ

t
'"v�w

x ∈ Ω
-A�KJ�?&ÉMÖ

0
'Mv�w

Φ0
t (x,λ′)

�
P t

x

-�O���B�R&����Y±R.J"�7�;�2ZD&���p�"!�#:%
M
�=´M�pµ�¶ · �P  '&�M�

∀ε, ∃t < T , ∀x ∈ Ω, dTV(P t
x, π) ≤ ε ��¼Ê½ ¾ <,DMª�ZP�

CFTP
��� µCS[0+�"��� Á r 2
Y.R"JA�7� λ[s′] (t ≤ ∀s′ < T )

- � Á\� � y = Φ0
T (x,λ) = Φ0

t (x,λ′) X  2$D � P,?����3d��e2ZD
�

]�^
2.4
t�uN'=v:w:xPy�d�¯.°�� z:|M}�~ ' Ì � Á r�L0���`'A´M� µ�¶�· ��  �"� �"!Z#:%7-��ÈJ5?M�}`~ 1

��)�*N1 2 � �  
update function ��L	M 1 2$D �

�A�pµ.S,0+�
1
-=� JE?&�

coalescence time T∗

d
T∗

def.
= min{t > 0 | −t ≥ T, ∃y ∈ Ω, ∀x ∈ Ω, y =

Φ0
−t(x,λt)} X «:Ò&1p2ZD7L&�TJ λ

t = (λ[−t], λ[−t + 1], . . . , λ[−1])
���A�eµCSW0��

1 À Á � Á r 2Z^� �P�P2ZD 8 ÁZÀ - T∗

� }`~5� ^(���`2ZD`h&L,���=�eµ.SW0+� 1
'`_����

coalescence time
��a�-�bh Á   >3� X -"XN� �	c R;���;2ZD

7



«	�
2.3
� ½ ��>(u:É`y�' 8:9�;5< ¶ 8 = R�E�" � j };~ � -�oNt;u&É;yN'+�A�Èµ±SW02�&��� Á r2$D�J À JE�C�A'��A�eµCSW0��M�`� Ω

'"v&w,^ 
N' 8R9�; < ¶ 8R= R&d � � c R � � ½ �,v&w&^7' �>
Ω
-A��JE?`�A]5� ����� ���;2ZD X ��� � �.JÔ�:�M�e�,!�#&%±-&�`2��	���	<�
&+ ��L5M 1 2   Á

� �.�0'
���±���+)�132ZD�>�hAv&w�x`y Ω
'/R�S,_�a(-=�ÃJE?:�������

� ��L	M 132 X +P«,132$D±�J5�M_(?�'
x � y (x, y ∈ Ω)

-=� J$?:�
φ(x, λ) � φ(y, λ) �����   ':^ λ �MÌ � Á r;L&É��7� ¼�½¿¾<   Á
� �Nq`' z�|�$�% �/<�
7���;2 X ����� X -=1 2�D(hNL,��q�' � �   �,�p�:!�#�%±-��KJZ?7�<�
(�P�`2 X �Ê��� X -�1p2ZDÈ��':É,¹('M«	� ��¼g½ ¾ <MD

�	�
2.5 (

<�

CFTP [40, 14]) update function φ

�:«,ÒÃÓÔr;L:�M�e�,!�#N%C�������,b�c
(Ω,�)

-/ JZ?�<�
(��� ½ � ∃xmax,∃xmin ∈ Ω, ∀x ∈ Ω, xmax � x � xmin X 1 2$D �='MÉ CFTP
�A�eµ.S10��j ���eµ±SW02�

1
o7� };~ 1

��M�NeJ5�
∃y ∈ Ω, ∀x ∈ Ω, y = Φ0

T (x,λ) X Φ0
T (xmax,λ) = Φ0

T (xmin,λ)�=º:Å7�P�P2�D
�

�M�e�,!�#&% � «	� 2.5
'����pd$Ä.L�1`É&�(�=�Tµ.S,0+�

1
'

Step 4 (a)
d

Step 4. (a)′
�7J

∃y ∈ Ω, y = Φ0
T (xmax,λ) = Φ0

T (xmin,λ)
  ÁU� y

d
D�JE�	E�FN1p2ZD���5���3��2P� X�� ����2�De�A'����pµ±S102��d monotne CFTP
�=�Tµ.S,0+� X5§NÚ D

2.3 Coalescence Time � Mixing Time

CFTP
�A�eµCS,0+��-�V.W�2

coalescence time X Q��`YCR.JTS�R,U&-�V�>P?,�,�p�:!�#�%7'A)�*(' Ó�'"!  X   2 mixing time X '&yP-&�:/0Y � �P2P� X����KÁ r(?,>±2 [40, 14]
Dh � ���	$&'�#M[7d%$'&`-�1C2�L��"-=� CTTF

j
Coupling To The Future

o0d�«�ÒM1.2¿D,�¿rP�
CFTP��8�9 ;&< ¶ 8+= R0'�Õ � É�ÖCd1����-)(�P$? � PZL,':-Z�TJØ?A� M�N�É0Ö.d+*',�-)-9�=?A> � 8S9V;�< ¶

8�= R��:�N2¿D 1  	# ° CTTF X � Ω
'�_�?M'�v"w`-0<">:?A�/.�0�'
'A^ � λ = (λ[0], λ[1], . . . , λ[T−1])d��P>�?:É�Ö

0 ÀpÁ ÉAÖ T
h&�:�,�p�:!�#�%±d zN| Ó¿×p2�� X d��Ê�ÇD CTTF

'
colaesce

d
∃y ∈ Ω,

∀x ∈ Ω, y = ΦT
0 (x,λ) X «,Ò J5� coalescence timeT ∗

�
T ∗ def.

= min{t > 0 | Φt
0(x,λ)} X «,ÒN1 2$D�=',ÉN�,¹('�1�� ��¼g½¿¾ < [40]

D
]�^

2.6 CFTP
�"�TµCS,0��&'

coalescence time T∗ X CTTF
'

coalescence time T ∗
� };~�� ^.��`2$D }`~5� ^ T ∗ X T∗

-=��J$?"¹('7� X$��¼g½¿¾ <:D
∀t > 0, Pr(T∗ > t) = Pr(T ∗ > t).

�9�
:
^ � λ ∈ [0, 1)t

-=�KJZ?
∃y ∈ Ω, ∀x ∈ Ω, y = Φ0

−t(x,λ) �A¼�½Ô¾ <�É�� Ë ª;' λ
-=�KJ�?

∃y ∈ Ω, ∀x ∈ Ω, y = Φt
0(x,λ)

� ¼g½¿¾ <:D };~5� ^ � Λ ∈ [0, 1)t
��ª 6 ]"^('M^C' �KX 1p2 X �

Pr(T∗ > t) = 1 − Pr(T∗ ≤ t) = 1 − Pr(Λ ∈ {λ ∈ [0, 1)t | ∃y ∈ Ω, ∀x ∈ Ω, y = Φ0
−t(x,λ)})

= 1 − Pr(Λ ∈ {λ ∈ [0, 1)t | ∃y ∈ Ω, ∀x ∈ Ω, y = Φt
0(x,λ)}) = 1 − Pr(T ∗ ≤ t) = Pr(T ∗ > t)

X   ½ ����� � 
 Ó¿r 2$D �

2
2.7 }`~�� ^ T ∗ X T∗

-=� JZ?
E[T∗] = E[T ∗] �A¼Ê½Ø¾ <,D �

¹;-"��<�
   ���e�"!�#&%.-=<�>�?M�
mixing time À Á coalescence time

' �'3 O � ��«N�`�N2�� Xd,
�1
[40]
D

�	�
2.8
>�hM��vNw&x`y

Ω
d��M°=�

update function φ
�M«MÒTÓ¿r32��M� �"!�#&%

M
��<�
 X JÔ�A«¬M­"®pd

π
�

mixing rate
d

τ X 132ZD:�M� �M!$#N%;'����
��<S��v:w�x`y (Ω,�)
_�'��&�'4 X �50
4d=q"r�s,r

xmax

V � ¨ xmin

�=fN1�D.�&���������N<��0v:wNxPy2_,- 576pÓ+8
h
d=«"Ò:1 2ED�v&w

x
'

8



6 Ó0d
h(x)

�N� Á # JØ� �N�P' x � y
-0�ÈJÔ?

h(x) > h(y) X 1C25DAhML"� h(xmin) = 0
�

h(xmax) = DX JE� d
def.
= min{|h(x) − h(y)| | ∀(x, y) ∈ Ω2, h(x) 6= h(y)} X 1e2$DT��',É�� CFTP

'
coalescence

time T∗

�
E(T∗) ≤ 2τ(1 + ln(2D/d))

d�Ä(L"1"D
�Q�

:
>(hN�MÕ � vPw

xmin ÀÈÁ k

��&�Ã�N!=#P%ed z`| ÓE×CL:vPwpd Xk

0

�7� Á # J$�MÕ � vPw
xmax À Á k


,�M�e�,!�#&%3d zN| Ó¿×;LMv&wCd Xk
1

�P� Á # 1"D ���0�:�:�M�e�M!�#&%.'F<�
&+ � ½
Xk

1 � Xk
0 �=¼Ê½Ø¾ <,DT�=',ÉN�

Pr(T ∗ > k) = Pr(Xk
0 6= Xk

1 )

≤
∑

(x,y)∈Ω2

Pr(Xk
0 = x,Xk

1 = y)
h(y) − h(x)

d

=
1

d

∑

x∈Ω

∑

y∈Ω

[

Pr(Xk
0 = x,Xk

1 = y)h(y) − Pr(Xk
0 = x,Xk

1 = y)h(x)
]

=
1

d





∑

x∈Ω

∑

y∈Ω

Pr(Xk
0 = x,Xk

1 = y)h(y) −
∑

x∈Ω

∑

y∈Ω

Pr(Xk
0 = x,Xk

1 = y)h(x)





=
1

d





∑

y∈Ω

Pr(Xk
1 = y)h(y) −

∑

x∈Ω

Pr(Xk
0 = x)h(x)





=
1

d

(

∑

x∈Ω

P k
xmax

(x)(x)h(x) −
∑

x∈Ω

P k
xmin

(x)h(x)

)

=
1

d

(

∑

x∈Ω

(P k
xmax

(x) − π(x))h(x) −
∑

x∈Ω

(P k
xmin

(x) − π(x))h(x)

)

≤
1

d

(

max
A⊆Ω

{

∑

x∈A

(P k
xmax

(x) − π(x))h(x)

}

+ max
A⊆Ω

{

∑

x∈A

(π(x) − P k
xmin

(x))h(x)

})

≤
D

d

(

max
A⊆Ω

{

∑

x∈A

(P k
xmax

(x) − π(x))

}

+ max
A⊆Ω

{

∑

x∈A

(π(x) − P k
xmin

(x))

})

≤
2D

d
max
x∈Ω

{

dTV(π, P k
x )
}

�A¼Ê½ ¾ <,Dp���0� ε = Pr(T ∗ > k) X 1 2 X �����`9M+ 1
j
submultiplicativity [40]

o � ½ � Pr(T ∗ >

αk) ≤ εα
d�� 2�D��P�,-

E(T ∗) =
∑+∞

0 tPr(T ∗ = t)

≤ k +
∑+∞

k (t − k)Pr(T ∗ = t)

≤ k + kPr(T ∗ > t) +
∑+∞

2k (t − 2k)Pr(T ∗ = t)

≤ k + kPr(T ∗ > t) + kPr(T ∗ > 2t) +
∑+∞

3k (t − 3k)Pr(T ∗ = t)

≤ k + kε + kε2 + · · ·

=
k

Pr(T ∗ ≤ k)d,�p2$D`�"�T�M!0#&%
M
'

mixing rate
d

τ X J5� k = τ(1 + ln 2D
d

) X 132 X
Pr(T ∗ > k) ≤

2D

d
max

x

{

dTV(π, P k
x )
}

≤
2D

d

1
2D
d

e
≤

1

e

1Pr(T ∗
> K1 + K2) ≤ Pr(T ∗

> K1)Pr(T ∗
> K2)

9



d,�p2$DKJEL � P:?
E(T∗) = E(T ∗) ≤

k

Pr(T ∗ ≤ k)
≤

k

1 − 1
e

< 2k = 2τ

(

1 + ln
2D

d

)

d,�p2$D
����.-M�M�T�:!�#�%7'

coalescence time
' �
3 O ÀpÁ mixing time

dD�P«:1 2=«	�±d�@�B 2ZDÈ�A'«��.-�<�>�?M@NB;?,>±2$\��(�7�Er7h:�`-�>P> � � Propp and Wilson
'�E�" ÀpÁ 3 �,� X�� ����2�D

�	�
2.9
t`uN'=vNw&xPy

Ω
dN�,°=� z&|:}�~ P

d���<5<�
   �"� �M!$#&%
M
'"«&¬M­"®pd

π
��� Á# 1�DP�,�È�,!0#�%

M
'

coalescence time
' �
3 O

E[T∗] �,Ì � Á r(L:É��&�,�T�:!0#�%.' mixing

time
�

0 < ∀ε < 1, τ(ε) ≤ E[T∗]ε
−1
���±� Á r32�D

�
�
:
>�h

2
<`' }`~�� ^ Xk X Y k

�"�&q:r�s:r:Õ � v�w
x ÀpÁ k


:�M�e�M!0#&% d z�| ÓÔ×;L"vw X 1 2ZD�«F� 2.1
j
Coupling Lemma

o À Á �,���p�,!�#N% � <�
;���`2�� X -"X&�ÃJE?:� ∀k ∈ Z+,

dTV(P k
x , π) ≤ Pr[Xk 6= Y k] ≤ Pr[Xk

0 6= Xk
1 ] = Pr[T ∗ > k] = Pr[T∗ > k]�P�`2$D7L&�TJÔ�

Xk
0

V � ¨ Xk
1

�"��qMr`sMrNÕ � vNw
xmin

V � ¨ xmax ÀeÁ CTTF
d � P,L X �M'É�Ö

k
-"V7W�2�vNw;�P�`2ZD

T∗

'MkMm�+ ÀeÁ �
kPr[T∗ > k] = k

∞
∑

t=k+1

Pr[T∗ = t] ≤

∞
∑

t=1

tPr[T∗ = t] = E[T∗]

�A¼Ê½Ø¾ <P'N�,�
dTV(P k

x , π) ≤ Pr[T∗ > k] ≤
E[T∗]

k�P�`2$D��P�
τ(ε)

def.
= E[T∗]ε

−1 X 1p2 X �
dTV(P τ(ε)

x , π) ≤
E[T∗]

E[T∗]ε−1
= ε

X   ½ �P�Cd�� 2�D �

10



�
3 �

2 � � � � � � � 	 
 � ��
 � � � � � �

�����P� Ì � Á rPL��5N��Cd$Ä;L"1 2 � ­��Nf±d�ª 6 ­"®3-
���3-�OÊ��Y.R"JÈS�RMU:-A<&>�?�@&B32ZD

3.1 � ������� ��!#" $%�'&�() <`'+*-,�. �
r = (r1, r2) ∈ Z

2
++ X � s = (s1, . . . , sn) ∈ Z

n
++

� ∑2
i=1 ri =

∑n
j=1 sj = N ∈ Z++d�Ä7L"1 X 1p2ZD � �PV � ¨"� �/*0,1. � (r, s)

d0¯�<
2 × n

­���f('=b�c
Ξ
d

Ξ
def.
=

{

X ∈ Z
2×n
+

∣

∣

∣

∣

∣

∑n
j=1 X[i, j] = ri (1 ≤ ∀i ≤ 2),

∑2
i=1 X[i, j] = sj (1 ≤ ∀j ≤ n)

}

X «,ÒN1 2ZD7L&�TJÔ� X[i, j]
�

i � j � '�O3d0fN1"D��$��,�
r X s

-A�&1 2
Ξ
d�v&wNx;y X JE?A¯`<32KJÔ>N�"�p�,!�#N% MC

d�H&I�132�D"���7' � '4 �65
j ∈ {1, . . . , n − 1}

-��KJE?&�
aX(j)

def.
= X[1, j] + X[1, j + 1], (3.1)

bX(j)
def.
= X[2, j] + X[2, j + 1], (3.2)

θX(j)
def.
= min{aX(j), bX (j), sj , sj+1} + 1. (3.3)d�«:Ò�1 2�DP�,�È�,!0#N%

MC

' z�| ��¹;' update function φ : Ξ × [1, n) → Ξ
- � PM?N«:ÒÃÓ5r2ZD;�P2�ÉAÖ.'Av&w

X ∈ Ξ
-0� JE?,�"¹`'MÉAÖC'AvNw

X ′ = φ(X,λ) ∈ Ξ
�=]"^2'M^

λ ∈ [1, n)
- � P?M¹;' � �Ô-")(h72ZD

X ′[1, j] =











min{aX(j), sj} − b(λ − bλc) θX(j)c (j = bλc),

aX(j) − X ′[1, bλc] = aX(j) − min{aX(j), sj} + b(λ − bλc) θX(j)c (j = bλc + 1),

X[1, j] (otherwise),

X ′[2, j] = sj − X ′[1, j].�=',�M�e�,!�#N%
MC

�
Dyer and Greenhill

'=HNIKJ$L,�,�e�,!�#N%
([17])

d87:9ÃJ$L(�"':�`�P2�D
8 Á$À - MC

��t;u&�=4N�(�Mk�; �P�P  ':�,´M�pµ0¶ · � ���`2ZD3�A'M�"�e�M!�#&%.�Aª 6 ­M® dA©ª;',«N¬,­M® X J$?(��<MDÓ�?:�
2
<`'�Ù�<   ­:�Nf

XU,XL ∈ Ξ
d

XU
def.
=

(

X[i, j] ∈ Z+

∣

∣

∣ ∃k ∈ {1, . . . , n}, r1 =
∑k

j=1 X[1, j] ≤
∑k

j=1 sj, X[2, j] = 0 (j < k)
)

,

XL
def.
=

(

X[i, j] ∈ Z+

∣

∣

∣ ∃l ∈ {1, . . . , n}, r1 =
∑n

j=l X[1, j] ≤
∑n

j=l sj, X[2, j] = 0 (j > l)
)

.

X «:Ò&1p2$DÈ����� XU,XL

�Mq:rPs,r>=�?A@�' $�% V � ¨ =/BC@�' $�% �/� Á r 2�f7�P�;2�� X dD�*�1 2$D¹;'��A�pµ±S102� � �&[�\`�"H:IP132"Y.R.JTS�R,U09;���;2ZD
11



5 4 3 0 0 0 12

0 0 0 7 5 6 18

5 4 3 7 5 6 30

XU

0 0 0 1 5 6 12

5 4 3 6 0 0 18

5 4 3 7 5 6 30

XL

�
3.1. � � (12, 18) X � � (5, 4, 3, 7, 5, 6)

' Ì � Á r(L�­��&f&b�c±-���132 XU X XL

D
3 ¢C£5416�7

2

Step 1.
É`y�-N/=1p2ZÕ � Opd

T := −1 X J5�.�2�7-�(e2$D�x � λ
d,�&��132�D

Step 2.
ª 6 ]0^�'A^

λ[T ], λ[T+1], . . . , λ[dT/2e−1] ∈ [1, n)
dU@ ¼ J � λ := (λ[T ], λ[T+1], . . . , λ[−1])X 132�D

Step 3.
É"Ö

T
-�V.W�2

2
�.'M�,�T�,!0#&%.'�v�w3d=q:rPs:r

XU X XL

J5�'.'0('=^ � λ
d,�`>P?

update function φ
-�OP>��&�M�e�,!�#N%3dAÉ�Ö

T À Á ÉAÖ 0
-��.2"h:� z&| ÓØ×e2ZD

Step 4. [ Coalescence check ]

(a)
�7J

∃Y ∈ Ξ, Y = Φ0
T (XU,λ) = Φ0

T (XL,λ),
  ÁU� O Y

d�D J5�.E+F�132�D
(b)

�7J5qO�Ø�   W0r � �NÉAÖed T := 2T X J$? Step 2
-"K 2ZD

�	�
3.1

�=�pµ.SW0+�
2
� }`~ 1

�"E+F�JE?:�=­:�&fCd
1
<�����1±2ZDNq�'�­/�&fC�

Ξ
Æ�'"ª 6 ­,®-DO�� }`~5� ^7',]	��O(�`�P2�D«/�

3.1
�����pµ7SW0��

2 � H�¶(!��/,1. Y7R	JeS�R,U09����`2N� X d
	�7:1 2ED,¹P'�0 G ���A�0HIOJZL:�M�p�:!�#�%('	<�
N+3d�
N1T� X �,��«F� 3.1
d�
�1AD

3.2 �#" ��
������������
2.1 ��� 2 ���� �!#"%$'&)(
*,+)(
*.-0/21�34 �! 3.1 "65.7980:2;=<?>A@CB�D 2 -2E�F CFTP �G�H'I�J "K5ML�N�O%P�+�Q.�2*�R�8S3 I �=T��U��: Ξ VU8,W=X'YZ"%[�\](^3 XU

J
XL -S_�`U�ba'cMde O�f�a'T'dg�=hg� GUH0IUJMJ 3Mi�<kj2l6m0n MC -�E�Fg� G�H.I�J "%507S+o�p � X ∈ Ξ 8=hq(K1�3.r,s0t�u�vxwzy { cumulative sum vector | fX ∈ Z

n+1
+ "

fX(i)
def.
=

{

0 (i = 0),

X[1, 1] + · · · + X[1, i] (i ∈ {1, . . . , n}),

J  b}�7 H +%*S~Z(�3 fX
def.
= (fX(0), fX (1), . . . , fX(n)) � G'H + I �, =}��A�C�A�C��8�3 Ξ

J
{fX | X ∈

Ξ} �M�08':��.ES�9-,���07 H + o.p �=h X,Y ∈ Ξ 8�h](�123 X � Y ���0�'�2�'���#" fX − fY ≥ 0J 7 H + 2 �9�%� “�” - Ξ VU��W�X0Yg� GUH0IUJ :M���6�2� G�H +�,� 3 I �2W,X�Y��.�A8 e9� H a0c'd J a'T0d98,�0P.1��A� H +
�.�

3.2 �A�#�^�g*MW�X�Y2��� (Ξ,�) 8 e P�1M3 o�p � X ∈ Ξ 8=h)(61'3 XU � X � XL -,�¡ ¢ ��+

12



���
: ���6�08�3 ∀X ∈ Ξ, ∀i ∈ {0, 1, . . . , n}, 0 ≤ fX(i) ≤ r1 -b�   ¢ ��+ �=� 3 o�p � X ∈ Ξ 8bh

(C1 fXU
(i) ≥ fX(i) " i 8���7 H������ �b527S+ i = 0 8%h (�1 fXU

(0) = fX(0) = 0 -��   ¢ �S+,P �
fXU

(i−1) ≥ fX(i−1)
J
	  b7 H + I ����3 fXU

(i) = fXU
(i−1)+XU[1, i] = min{fXU

(i−1)+si, r1} ≥

min{fX(i − 1) + si, r1} ≥ fX(i) -=�   ¢ ��+)(
*0-0/21 o�p � X ∈ Ξ 8�h)(�1 XU � X "�
 H +� 8S3 o�p � X ∈ Ξ 8bh](
1 fX(i) ≥ fXL
(i) " i 8M�=7 H������ �S5'7S+ i = n 8bh](K1 fX(n) =

fXL
(n) = r1 -=�   ¢ ��+0P � fX(i) ≥ fXL

(i)
J
	  �7 H + I ���'3 fXL

(i− 1) = fXL
(i)−XL[1, i] =

max{fXL
(i) − si, 0} ≤ max{fX(i) − si, 0} ≤ fX(i − 1) -,�   ¢ �2+](�*.-0/21 o�p � X ∈ Ξ 8�h](

1 X � XL "�
 H + �

P � X,Y ∈ Ξ 8�h)(�1M3 GUH k -S��� (�1
fX(i) − fY (i) =

{

1 (i = k),

0 (otherwise).

-=�   ¢ � J�� 3 X - { k �S| Y "���� { cover |'7 H9J�� P'3 X ·� Y { � *�: X ·�k Y |U� G ���
7,+07������ X ·�k Y �b���M�'�M�2�Z:

X[1, i] − Y [1, i] =











+1 (i = k),

−1 (i = k + 1),

0 (otherwise).

� G�H +
�.�

3.3 �! �� H 2 ���#"�$ X,Y ∈ Ξ 8�h)(
1 X � Y -=�   ¢ � J�� 3 ∃Z ∈ Ξ, X ·� Z � Y -
�   ¢ ��+
���

:
� � 2 ����%'�#"��A� H �.�U- G�H +

1.
�S� 3 ∃k′ ∈ {0, 1, . . . , n − 1}, fX(k′) > fY (k′) ��� X[1, k′ + 1] < sk′+1 ��%'�#"��A� H +& �(' k :SV��,���#"�)g*�7Ma'TU�+*,� J 7 H + I ��� fX(0) = fY (0) = 0 O# ^�k�
��8 k ≥ 1

� G�H + I�I � X[1, k] > 0 "b5U7,+,*#( fX(k − 1) > fY (k − 1) � �bNM3 k ��a�T!-#�q�
X[1, k] = sk > 0 � GUH + fX(k − 1) ≤ fY (k − 1) ���03 X � Y ��� fX(k − 1) = fY (k − 1) �G   3 X[1, k] = fX(k)− fX(k − 1) > fY (k)− fY (k − 1) = Y [1, k] ≥ 0 � G�H + (C*'-0/S1,�/.0

Z "

Z[1, l] =











X[1, k] − 1 (l = k),

X[1, k + 1] + 1 (l = k + 1),

X[1, l] (otherwise),

Z[2, l] = sl − Z[1, l] (l = 1, . . . , n),

�9O21�8, 9R H9J Z : Z ∈ Ξ ��� X ·� Z � Y � G�H +
2.
� 8,3 ∀k′ ∈ {0, 1, . . . , n − 1}, fX(k′) > fY (k′) ⇒ X[1, k′ + 1] = sk′+1 �#%M��"��Z� H +3�4 �': ∀k ∈ {0, . . . , n−1}, X[1, k+1] ≥ Y [1, k+1] "%527=+5*�( fX(k) > fY (k) �A�
N�36%�� 2

� 	  �Og  X[1, k+1] = sk+1 ≥ Y [1, k+1] � G'H + I � J�� fX(k) ≤ fY (k) ���CN�3 X � Y OU  3
fX(k) = fY (k) �,� fX(k+1) ≥ fY (k+1) � G0H +U(^*2-,/�1 X[1, k+1] = fX(k+1)−fX (k) ≥

fY (k + 1)− fY (k) = Y [1, k + 1] � G�H +'P � X[1, 1] + · · ·+ X[1, n] = Y [1, 1] + · · ·+ Y [1, n] O
  3 ∀k ∈ {0, 1, . . . , n − 1}, X[1, k + 1] ≥ Y [1, k + 1] �k� X = Y

J �  87�9g� G�H + �

� ��:/;Z:�iS< j�l�mMn���E�F�-k"65.70V��=< J � H *=�'� GUH +
�.�

3.4 *9( 2 �����! �� H "�$ X,Y ∈ Ξ - X ·�k Y �k�6N�3 ∀λ ∈ [1, n), φ(X,λ) � φ(Y, λ) -=�
  ¢ ��+
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� �
:
� Eg�.*9R X ′ = φ(X,λ)

e O,f Y ′ = φ(Y, λ) � 0 7,+ o�p � & �#' i 6= bλc 8�h (%1g:
fX′(i) = fX(i)

e O6f fY ′(i) = fY (i) -��Z�C�M86�)  ¢ �0���S ,!�� 	  X � Y Og  fX′(i)−fY ′(i) =

fX(i) − fY (i) ≥ 0 -,�   ¢ �2+�Q I � i = bλc ��%'�#"��A� HgJ 3
fX′(bλc) − fY ′(bλc) = (fX′(bλc − 1) + X ′[1, bλc]) − (fY ′(bλc − 1) + Y ′[1, bλc])

= {fX(bλc − 1) − fY (bλc − 1)} + (X ′[1, bλc] − Y ′[1, bλc])

= {fX(bλc − 1) − fY (bλc − 1)}

+ min{aX , sbλc} − b(λ − bλc) θXc − min{aY , sbλc} + b(λ − bλc) θY c.

=

{

∆η + ∆θ (bλc 6= k + 1),

1 + ∆η + ∆θ (bλc = k + 1),

� G�H + I'I � aX
def.
= aX(bλc), aY

def.
= aY (bλc), θX

def.
= θX(bλc), θY

def.
= θY (bλc) � G   { (3.1), (3.3)��� | 3 ∆η

def.
= min{aX , sbλc} − min{aY , sbλc}, ∆θ

def.
= −b(λ − bλc) θXc + b(λ − bλc) θY c

J 7 H +
1. bλc = k − 1 ��%��?"S��� H + I � J�� aX = aY + 1 �0� bX = bY − 1 � G9H +g*�~ (63

bX
def.
= bX(bλc), bY

def.
= bY (bλc) � G�H { (3.2)

��� | +
(a) *Z( aY ≥ sbλc � ��N ∆η = 0 �M� θX ≤ θY -��¡  ¢ �2+ (6*�-0/21 ∆θ ≥ 0

J ��  3
fX′(bλc) − fY ′(bλc) ≥ 0 -=�   ¢ ��+

(b) *g( aY < sbλc ���KN ∆η = 1 and θX ≤ θY + 1 -b�   ¢ ��+�(C*0-'/S1 ∆θ ≥ −1
J �?  3

fX′(bλc) − fY ′(bλc) ≥ 0 -=�   ¢ ��+
2. bλc = k + 1 �#%M��"��Z� H + I � J�� aX = aY − 1 �S� bX = bY + 1 � GUH +

(a) *�( aX ≥ sbλc �#��N 1 + ∆η ≥ 1 ��� θX ≤ θY + 1 -,�   ¢ ��+)(
*0-./�1 ∆θ ≥ −1
J

��  3 fX′(bλc) − fY ′(bλc) ≥ 0 -,�   ¢ �2+
(b) *�( aX < sbλc ���%N 1 + ∆η ≥ 0 -b�   ¢ �2+�P � aX + bX = aY + bY = sbλc + sbλc+1��� θX ≤ θY 8�� p 7 HUJ 3 ∆θ ≥ 0 � G   3 fX′(bλc) − fY ′(bλc) ≥ 0 -=�   ¢ ��+

3. Q2� 3	� ��%'��3S7 �/��� bλc 6= k + 1 ��� bλc 6= k − 1 ���'3 aX = aY , ∆η = 0, ∆θ = 0
J �

  3 fX′(bλc) − fY ′(bλc) = 0 -b�   ¢ ��+
3 VZOZ  fX′ ≥ fY ′ -,�   ¢ �,3 (K*'-�/�1 φ(X,λ) � φ(Y, λ) "�
 H + �

�.�
3.5 i�<?j2l�m'n MC :�E�Fg� GUH +.7 ���+� ∀λ ∈ [1, n), ∀X,∀Y ∈ Ξ, X � Y ⇒ φ(X,λ) �

φ(Y, λ) -b�   ¢ ��+
�!�

: �/ �� H 2 �.�="�$ X,Y ∈ Ξ - X � Y " )U*b7��23 :�; 3.3 "�
  
��(�����7 H'I0J ��3C��.0 ��� X = Z0, Z1, . . . , ZR = Y -��S�q( 1 Zi ∈ Ξ (0 ≤ i ≤ R) �=� Z0 ·� Z1 ·� · · · ·� ZR

J � HMI'J
-�5�� � H +U(^*2-S/�1S3
:�; 3.4 OA  o'p � λ ∈ [1, n) 8%h�(^1 φ(Z0, λ) � φ(Z1, λ) � · · · � φ(ZR, λ)

-=�   ¢ ��+?OS/21 ∀λ ∈ [1, n), φ(X,λ) � φ(Y, λ) "�
 H + �

a���8S3����)(K*';,<k>Z@^B�D�-�����l���� �"!$#&% @'#�( � � GUH0IUJ "�5'7S+
)+*

3.1 , ��� : :/; 3.5 OZ �i�<?j�l%m'n MC :�ESF9� G   35:/; 3.2 OA  XU
J

XL :SQ��.-��
_2`U�,a0c e O�f�a'T0d�� G�H +)(
*0-./�10;=<?>A@CB.D 2 :,E�F CFTP � G   30 �! 2.3

e O�f' 
! 2.5 �k�C �! 3.1 "�
 H + �
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3.3 ��� �����	����

���
�
3�4 3�;=<?>A@�B0DM���������08S�'P�1����.7 H + I �b���.: � �,�2��" 	  �7 H + I �=�M�Z:��
�����'��������-k"��! �7 H V���"$#&%�� GUH +
'�(

3.1 ��)+* � � < s : s1 ≥ s2 ≥ · · · ≥ sn "�)9*S7,+
� �� �!9:,"���-U�+.�� �0/&1g�+2 J �.� G�H +
)+*

3.6 �2� 3.1 � 4 3';b<?>�@CB0D 2 ���+�!���M��3�4+5Z: O(n3 ln N) � G�H +�*M~?(^3 n : ��6
� G   3 N : Ξ 80707 H98 �/. 0 ��:&�;5 J 7 H +
3!4 ��:�3 coalescence time T∗ ∈ Z++ ",�� M7 H�IgJ �M M! 3.6 "�507,+U*.~ (
3 coalescence time

: T∗
def.
= min{t > 0 | ∃y ∈ Ω, ∀x ∈ Ω, y = Φ0

−t(x,Λ)}
J  2} �C� H=<?>�@ 69� G�H +

2.3 �U��A�B�*gO 1C8 coalescence time
J

mixing time �M�08M:2�%�A- G�H0I�J -�C]� �U1�P H + �� 3 � �)(�*�iS<�j�lKmMn MC � mixing rate " path coupling  �!�"'�.P'1��0 �7 H + I �(:�;Z8 e
P.1S�2� 3.1 :�D'��� G�H +�.�

3.7 �M� 3.1 � 4 � ��� (
*Mi2<?j2l�m0n MC � mixing rate τ : τ ≤ n(n − 1)2(1 + ln(nN))

"�)9*S7,+
�!�

: E�E+F$G�(�HSl G = (Ξ, E) :JI�K��M� Ξ
J � 8b ,}�7 HML �M� E "/*K�,+ o'p �0I&K,h {X,Y }

- E 8,707 H �.�0�'�'�M�A: (1/2)
∑n

j=1 |X[1, j] − Y [1, j]| = 1
J 7 H +9�?�6�08.(�HMl G :�m&/9�G�H + 8�L e = {X,Y } ∈ E 8�h)(�1M3M_M`�� & ��'2h j1, j2 ∈ {1, . . . , n} -,�2� (
1

|X[1, j] − Y [1, j]| =

{

1 (j = j1, j2),

0 (otherwise).

"�)9*,7,+ I � & �('U�=hA" L e ��N+O$P { supporting pair | J�Q+R + L e ��S+T'h {j1, j2} 8=hq(
1
j∗ = max{j1, j2} ≥ 2

J (�1M3 L e ��U � l(e) " l(e)
def.
= (1/(n − 1))

∑j∗−1
i=1 (n − i) �2 �}'7 H + I'I

� 1 ≤ mine∈E l(e) ≤ maxe∈E l(e) ≤ n/2 8�� p -=����� G�H + o.p � 2 ���S�/. 0 �Sh X,Y ∈ Ξ 8
h](
1�3�V�W d(X,Y ) :�($H�l G V.�0� X

J
Y �,a�X�Y&Z J  �}M7 H +U�k�K�.8 G �;[�\g3S7����

� max{d(X,Y )} : nN �;] �=�#� � H + � * L ��U ���� 2}g� ��3 oUp � L {X,Y } ∈ E 8bh)(61
d(X,Y ) = l({X,Y }) -=�   ¢ ��+� 8 coupling �,^�_ (X,Y ) 7→ (X ′, Y ′) " (X,Y ) 7→ (φ(X,Λ), φ(Y,Λ))

J  �}07 H +9*M~ (C3 Λ ∈

[1, n) :b`;`?a�6�b�6���3 φ : 3.1 �g�2 �}](�* update function � G�H + I0I � o�p �=h {X,Y } ∈ E

8bh](
123
E[d(X ′, Y ′)] ≤ βd(X,Y ), β = 1 − 1/(n(n − 1)2), (3.4)

"b5UQ 1 + 3�4 �U: {X,Y } ��S�T�h�" {j1, j2} � 0 7,+ � *'3M`�c�-k",d 1 IgJ �fe j1 < j2 �2�
X[1, j2] = Y [1, j2] − 1 " 	  27 H + 3�4 ��gg�.8�h2� H aX , aY , bX , bY , θX , θY �� �}�:�3#:�; 3.4 �
gg�M�,i#/�* *=� Jkjml � G�H +

1. bΛc = j2 − 1 ��%2�98=�'P'1�3 E[d(X ′, Y ′) | bΛc = j2 − 1] ≤ d(X,Y )− (1/2)(n− j2 +1)/(n− 1)

"�5'7S+
(a) j1 = j2 − 1 ���'3��2� 3.1 O#  X ′ = Y ′ � G�H +on.�28 d(X ′, Y ′) = 0 +
(b) j1 6= j2 − 1 �2� θX = θY ���2+.�2� 3.1 O#  sj2−1 ≥ sj2 � GgH +�P � 3 θX = θY ���

aY > aX �b� bY < bX �S��� θX = θY = min{sj2−1, sj2} = sj2

J � H +�(�*2-=/�1 sj2−1 ≥

aY > aX ≥ sj2

J �k C�p6 φ �S S}#O�  X ′[1, j2 −1] = aX − (Λ−bΛc)θX

J
Y ′[1, j2 −1] =

aY −(Λ−bΛc)θY " 
 H + I �#� aX = aY −1 �Z� X ′[1, j2−1] = Y ′[1, j2−1]−1 � G0H + �
*�3 X ′[1, j2] = aX −X ′[1, j2−1] �=� Y ′[1, j2] = aY −Y ′[1, j2−1] O9  X ′[1, j2] = Y ′[1, j2]

� G.H +�n'��8 I �=���U��* Jq<$> 1 � d(X ′, Y ′) = d(X,Y )− (n− j2 +1)/(n−1) � G.H +
15



(c) j1 6= j2 − 1 �M� θX 6= θY �/�2+g���%��8�3 |θX − θY | = 1 � GgH + ��� 3 θX = θY − 1

��%.�k"b�#� H + I �/�.3 2 �9�5%0�k"=�#�b�AN��MP2+ b(Λ − bΛc)θXc = b(Λ − bΛc)θY cJ
b(Λ − bΛc)θXc = b(Λ − bΛc)θY c − 1 � 2 �9�#%.�?"=�#�b�#N,�0��� GgH +����Z��%

�U3 X ′[1, j2 − 1] = Y ′[1, j2 − 1] ��� X ′[1, j2] = Y ′[1, j2] − 1 �'�2�23 d(X ′, Y ′) = d(X,Y )

� GgH +����#�5%.�93 X ′[1, j2 − 1] = Y ′[1, j2 − 1] − 1 �M� X ′[1, j2] = Y ′[1, j2] �0�.�'3
d(X ′, Y ′) = d(X,Y ) − (n − j2 + 1)/(n − 1) � GUH + 2 ����%0�A: <?> 1/2 ��hM� H �M�M3
E[d(X ′, Y ′) | bΛc = j2 − 1, j1 6= j2 − 1, θX = θY − 1] = d(X,Y )− (1/2)(n− j2 +1)/(n− 1)

� G�H +��#/�* θX = θY + 1 ��%0��8S�'P�1�* j `A��g9�M-	�#� H +
2. bΛc = j2 �#%M�Z8=�.P01M3 E[d(X ′, Y ′) | bΛc = j2] ≤ d(X,Y ) + (1/2)(n − j2)/(n − 1) "�5'7S+

(a) θX = θY �5��3 1-(b) �=%�� J�j `98 X ′[1, j2] = Y ′[1, j2]−1 and X ′[1, j2 +1] = Y ′[1, j2 +1]

"(
 H + n���8 I �S���A� 4 <$> 1 � d(X ′, Y ′) = d(X,Y ) � G�H +
(b) θX 6= θY ���.3 1-(c) �5%0� J0j `�8,�0��
 < > 1/2 � d(X ′, Y ′) = d(X,Y )

J �'��
 <>
1/2 � d(X ′, Y ′) = d(X,Y ) + (n − j2)/(n − 1) "%5�7 IgJ -0� ��H +�n��28 I �5%.�

E[d(X ′, Y ′) | bΛc = j2, θX 6= θY ] = d(X,Y ) + (1/2)(n − j2)/(n − 1)
J � H +

3. bΛc 6= j2 − 1 ��� bΛc 6= j2 �#%0�'+ I ���'3 {X ′, Y ′} * � * G � L)J � H +UP � 3 {j′1, j
′
2} "

{X ′, Y ′} �,S�T2h J 7 H�J 3%�Z���M8 j2 = max{j′1, j
′
2} � G.H +g(�*2-S/b1 d(X ′, Y ′) = d(X,Y )

"(
 H +
Q��.-��9��%0�g�
���27 H=<?> : Case 1 - 1/(n − 1) 3 Case 2 - 1/(n − 1)

3�4 3 Case 3 -��¡  � GH + 3 V�� IUJ �?�^3
E[d(X ′, Y ′)] ≤ d(X,Y ) −

1

n − 1

1

2

n − j2 + 1

n − 1
+

1

n − 1

1

2

n − j2

n − 1
= d(X,Y ) −

1

2(n − 1)2

≤

(

1 −
1

2(n − 1)2
1

max{X,Y }∈E{d(X,Y )}

)

d(X,Y ) =

(

1 −
1

n(n − 1)2

)

d(X,Y ).

"�
 H + (&HMl G �;[�\�- nN ��] �=�A��� H.I�J �?�^30 �! 2.2 OA  3 mixing rate τ :
τ ≤ n(n − 1)2(1 + ln(nN))

"�)9*S7,+ �

� 8,3 coalescence time "J�� �7 H + 2.3 �9�,/&�Z"=Q�� �M� �.P.1 coalescence time "J�� �7 H�IJ *=� �.H -23�O# ��2P2V��A"=�9� H *UR28 2.3 �9��gU� Jkj `9��� � " ��P.1+[
���� �7 H +
�.�

3.8 ��� 3.1 � 4 ��3�iS<kj�l6mMn MC � coalescence time T∗ : E[T∗] = O(n3 ln N) "�)g*,7,+
���

: E�E�F G�(�H2l G = (Ξ, E)
J

G VU� o�p ��I�K�h X,Y ∈ Ξ 8=hM7 H V�W d(X,Y ) :(:/; 3.7

�2 �} �C��*�*S� J 7 H + � *23 DG
def.
= d(XU,XL)

J
τ0

def.
= n(n − 1)2(1 + ln DG) ", �}07 H +�:�;

3.7 �#
)���U*����&� (3.4) " ��P HgJ 3
Pr(T∗ > τ0) = Pr(Φ0

−τ0
(XU,Λ) 6= Φ0

−τ0
(XL,Λ)) = Pr(Φτ0

0 (XU,Λ) 6= Φτ0
0 (XL,Λ))

≤
∑

(X,Y )∈Ξ2

d(X,Y )Pr(X = Φτ0
0 (XU,Λ), Y = Φτ0

0 (XL,Λ))

= E[d(Φτ0
0 (XU,Λ),Φτ0

0 (XL,Λ))] ≤

(

1 −
1

n(n − 1)2

)τ0

d(XU,XL)

=

(

1 −
1

n(n − 1)2

)n(n−1)2(1+ln DG)

DG ≤ e−1e− lnDGDG ≤
1

e
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-�
q� � H + I2I � coalescence time �,T0� submultiplicativity { [40] |�"%���M7 H�J 3 o�p � k ∈ Z+8bh](
123 Pr(T∗ > kτ0) ≤ (Pr(T∗ > τ0))
k ≤ (1/e)k -�
 � � H + (�*.-0/21

E[T∗] =

∞
∑

t=0

tPr(T∗ = t) ≤ τ0 + τ0Pr(T∗ > τ0) + τ0Pr(T∗ > 2τ0) + · · ·

≤ τ0 + τ0/e + τ0/e2 + · · · =
τ0

1 − 1/e
≤ 2τ0

J � H +0P � n ≤ N OA  3'�#�
�.8 DG ≤ nN ≤ N2 � G�H + n.��8 E[T∗] = O(n3 ln N) "�
 H + �

a���82;b< >�@�B0D 2 ���������.8,�0P.1��&�'7 H +
)+*

3.6 , ��� : i�<?j�l6m'ng� coalescence time " T∗ � 0 7,+ IMI � T∗ : <$>&@ 69� G�H +0P �
K = dlog2 T∗e

J 7 H +�;,<k>�@CB0D 2 : (K + 1) ���������g� T " −2K
J (�*/��8�	�
=7 H + (K*

-0/S10;b<k>A@^B.D 2 �����'7 H b�6���:;6Z: 2K ≤ 2T∗ ��] �=�����.30^�_��,6Z: 2(20 + 21 + 22 +

· · ·+ 2K) < 2 · 2 · 2K ≤ 8T∗ ��] ������� H + 8 b�6Z:, �6+�.���#
q� � H�J
	  S7 HUJ iS<kj�l6mMn�,^�_Z:� �6��.�'��� �S� H + � *�3�;,<?>A@CB�D 2 � Step 4 “Coalescence check” 8��.� �5����:
O(n) � GUH +)(
*0-�/�1,���&�+�����.: O(E[2T∗] + E[8T∗] + E[K + 1]n) = O(E[T∗]) = O(n3 ln N)J � H + �

� e 3���� 3.1 : O(n lnn) �#
)��� H +
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�
4 �

� � �
Dirichlet � � � � 	 
 � � 
 � ��� �� � � � �

"��U��:�3;W���� Dirichlet ���k8 � 1 < >�@ 6$* � � <A�	� ��l���� � ! #�%q@�#�( � 8���P�1;A
B H +

4.1 ! "$# �%"'&	��� �����	�(�) a;6�� H�* �,+ u1, . . . , un "kT�� Dirichlet �-��:,3 <$>&@ 6&* � � < P = (P1, P2, . . . , Pn) 8
h'7 H=<?> �.�9�M3 /109�,6A:� �}�2 {(p1, p2, . . . , pn) ∈ R

n |
∑n

i=1 pi, pi > 0 ∀pi} 8=hq(K1
Γ(
∑n

i=1 ui)
∏n

i=1 Γ(ui)

n
∏

i=1

pui−1
i

� 0 �^� H +9*M~ (^3 Γ(u) :-3$#bi��,6g� G�H +�"&��-g�.: n ≥ 2 " 	  �7 H +o�p �54�6 ∆ ≥ n 8bh](
123' �}62#"87:9�; 1/∆ ��W��.� (C3<4&6&* � �z<g��W6�?%=��� Ω "
Ω

def.
= {(x1, x2, . . . , xn) ∈ Z

n
++ | xi > 0 (∀i), x1 + · · · + xn = ∆}

�� S}27 H + (�) a�6�� H<*��=+ u1, . . . , un "9T���W.��� Dirichlet
<�>�@ 6A: <?>+@ 6&* � � < X =

(X1, . . . ,Xn) ∈ Ω � < > �.�
Pr[X = (x1, . . . , xn)]

def.
= C∆

n
∏

i=1

(xi/∆)ui−1

"kT0��+�*M~k(^3 C∆ :���>g�J6 {@?67.�U �6�|0� (C∆)−1 def.
=
∑

x∈Ω

∏n
i=1(xi/∆)ui−1

J  �} � � H +oMp �A4;6 b ≥ 2 8%h�(�1,3 2
� dB4;6+* � � <.�6�2� Ω(b)

def.
= {(Y1, Y2) ∈ Z

2 | Y1, Y2 > 0, Y1+Y2 =

b} "�[M\](�3 (.) a;6��mHC*	�D+ ui, uj "pT��2���Z�J6 fb(Y1, Y2 | ui, uj) : Ω(b) → [0, 1] "
fb(Y1, Y2 | ui, uj)

def.
= C(ui, uj , b)Y

ui−1
1 Y

uj−1
2

J  2}07 H +U*.~ (C30 �6 (C(ui, uj , b))
−1 def.

=
∑

(Y1,Y2)∈Ω(b) Y ui−1
1 Y

uj−1
2 :,�:>A�06�� G�H + � *�*

� � < (gb(0|ui, uj), gb(1|ui, uj), . . . , gb(b − 1|ui, uj)) "�[M\](�3
gb(k|ui, uj)

def.
=

{

0 (k = 0)
∑k

l=1 C(ui, uj , b)l
ui−1(b − l)uj−1 (k ∈ {1, 2, . . . , b − 1})

J  �}'7 H +����6�08 0 = gb(0|ui, uj) < gb(1|ui, uj) < · · · < gb(b − 1|ui, uj) = 1 -,�   ¢ �2+
"�$:EU� Ω "pT��.iS< j�l�m0n MD 8=�.P.1�A&B H +�h��A��"�$A" X ∈ Ω

J 7 H + I � J�� 3�^
_ X 7→ X ′ : � �gO,1C8�a�� � � H + �,� 3+a;6�b+6 λ ∈ [1, n) "	��� (^3 i := bλc, b := Xi + Xi+1
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J 7 H + � 8,3 k ∈ {1, 2, . . . , b − 1} " gb(k − 1|ui, ui+1) ≤ (λ− bλc) < gb(k|ui, ui+1) "�)g*,7�_2`U�
5 J 7 H +'a��98�3

X ′
j :=











k (j = i),

b − k (j = i + 1),

Xj ( Q�� 3 � ),

J 7 H +
��� (�*�i�<kj�l6mMnA8�h'7 H update function φ : Ω× [1, n) → Ω " φ(X,λ)

def.
= X ′

J 7 H + I ��i
<?j�l%m0n�:M�k�K�.8������ (�� 3?%�� GUH + � * detailed balance equations -=�   ¢ � I�J �k��3
i�<?j�l%mMn MD �2 ��2�-�Z:�W6�6� Dirichlet �.� J � H +� 8��
	 �#"/$ J (K1 XU,XL ∈ Ω "

XU
def.
= (∆ − n + 1, 1, 1, . . . , 1), XL

def.
= (1, 1, . . . , 1,∆ − n + 1).

�2 �}'7 H +I �]��"'��P01M3�W:��� Dirichlet �-��8�h07 H !$#&% @'#�(S;,<k>Z@^B�D0" � �9O21�8, 9R H +
� y
�
���
� 3

Step 1. �����'�������&3+5�� T := −1 �������! "�$#%�'&�E+� λ �'� p �(�)&
Step 2. `�`�aJ6�b�6 λ[T ], λ[T+1], . . . , λ[dT/2e−1] ∈ [1, n) � �=�%�*� λ := (λ[T ], λ[T+1], . . . , λ[−1])

���(�)&
Step 3. ��+ T � e�� � 2 "-,�i�. j�l�mMn-,#"�$(��/2�.-2� XU � XL ����0�12,,6�� λ �'�43!5

update function φ �B�!3��Mi6.?j�l%m'n(���7+ T ��� �8+ 0 �69-� �
: ^�_ �<;%��&
Step 4. [ Coalescence check ]

(a) *"� ∃Y ∈ Ξ, Y = Φ0
T (XU,λ) = Φ0

T (XL,λ), �k�)=05 Y � �>����?�@��(�)&
(b) *"��/ 1 : � � �-=����8+%� T := 2T �A�'5 Step 2 ��BC��&

)+*
4.1 D�.�E-F�G�H 3 I <?> 1

: {KJ4L��0� : |8?A@>�M5���"/$N� 1 O4P$Q��(��&A/�,#"/$-I Ω R
,�W��.� Dirichlet �-�C�TS�/N�B� 1 <$>&@ 6
,�a�h�5 :4U �)&
R!,�V�W"�YX� ZD�.�E"FZGAH 3 I����Ul��	� � ! #&%%F�#	(7D�.CE"FZGAH :�U �A[Y�'\p�&g����(�M& �
,7]
^ : I7_�.�`
a)b�c MD ,
d�eAf(�$gA�h[!� : R
i!V
W
�$gA��&

4.2 jlk monqpsrutwvyxsz
2.1 ^ : 2 O4,�V�W(�T{A|}��~7&}��~Y\��
5���V�W 4.1 �)gY�"��I
D8.%E
F�G!H 3 \
d�e CFTP

:
U �![!�8�Tg�;N=4X�36&�/4,�~��
�6�([8,�]
^ : I Ω R��6���!�N�����}�M� XU � XL \6����,��Y��Y� X�����] � ,�� :4U �![!������_�.h`6a$b�c MD \6d�e :4U �![!���Tg���&�!� ,8�N����. X ∈ Ω �8���'5��!�8�Y�Y����� � cX ∈ Z

n+1
+

cX(i)
def.
=

{

0 (i = 0),

X1 + X2 + · · · + Xi (i ∈ {1, 2, . . . , n}),

: V�¡A�C�'&"~�¢h��� cX = (cX(0), cX(1), . . . , cX(n)) �<����&-£�¤'¥Y� Ω � {cX | X ∈ Ω} ,A¦Y�AI
�A�Y�A��§(\�¨
©4���'& �4� ,6ªA«�� X,Y ∈ Ω �7�}��5A� X � Y ,7¬!­�®�¯Y°�±C� cX ≥ cY ���
�'&"£�¤'¥�� “�” I Ω R!,
�7��� :YU ��&-²
~�� ∀X ∈ Ω, XU � X � XL ³�´ d4��¯2¥2�'&
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3!² X,Y ∈ Ω ���}�M5�� U � k \�¨�© �M5

cX(i) − cY (i) =

{

1 (i = j),

0 (otherwise).

\ ����� O%����� X \ � k :
	 Y ����
 � cover 	 �N�4���Y3
� X ·� Y � ²�~�I X ·�k Y
	�:�U ¤�����&� ���Ad�eAf(����£��(���}���4�����%�)gY�8&

���
4.2 ³ � 2 O�, ��!"���'ª�« X,Y ∈ Ω \ X ·�k Y �C¤T=7� ∀λ ∈ [1, n), φ(X,λ) � φ(Y, λ) \ ��#� O�&

$&%
: ´ d4,A~4� X ′ = φ(X,λ)

� X�� Y ′ = φ(Y, λ)
:(' �8&"²()�� �!� ,+*-, . i 6= bλc /7�>�'5

I cX(i) = cX′(i)
� X$� cY (i) = cY ′(i) \ �0�#� O6&YV�W2,
1!V-X � X � Y �A, : cX′(i) − cY ′(i) =

cX(i) − cY (i) ≥ 0
:!U �'&3254 : I cX′(bλc) ≥ cY ′(bλc) �Tg��7&

_6.%`�a)b�c MD ,6V
¡�¥C¤M� X ′
bλc , 6NI

gb′(k
′ − 1|ubλc, ubλc+1) ≤ (λ − bλc) < gb′(k

′|ubλc, ubλc+1)

�87"~��!���2, k′
:YU ��&"~�¢h��� b′

def.
= Xbλc + Xbλc+1

:4U �)&:9 ;</�� Y ′
bλc , 6NI

gb′′(k
′′ − 1|ubλc, ubλc+1) ≤ (λ − bλc) < gb′′(k

′′|ubλc, ubλc+1)

��7�~��Y����, k′′
:!U �'&!~
¢���� b′′

def.
= Ybλc + Ybλc+1

:�U �'&���£ : I � , 3 O!, =�>?/�¯A@75(B
,�C'&
Case 1: bλc 6= j − 1 ¥6O bλc 6= j + 1 , =D>4� b′ = b′′ ��, : X ′

bλc = k′ = k′′ = Y ′
bλc �8EFC�&

Case 2: bλc = j − 1 ,
=D>(� B?,3C�&�3Y²
� X ·�j Y X � b′ = b′′ + 1
:YU C�&&GIHKJ��C� �ML:N�V

¡2¥�¤
cX′(j − 1) − cY ′(j − 1) = cX′(j − 2) + X ′

j−1 − cY ′(j − 2) − Y ′
j−1

= cX(j − 2) + X ′
j−1 − cY (j − 2) − Y ′

j−1 = X ′
j−1 − Y ′

j−1

��N�O�P X ′
j−1 ≥ Y ′

j−1 Q gDR<S8®�¯&O3TKC�UV ²WP-X�N+YKO�gDZ���� 4.3 ¥C¤[P � NI\D]D^"_ E ¤�`aC�U
0 = gb′′+1(0|uj−1, uj) = gb′′(0|uj−1, uj) ≤ gb′′+1(1|uj−1, uj) ≤ gb′′(1|uj−1, uj) ≤ · · ·

≤ gb′′+1(k − 1|uj−1, uj) ≤ gb′′(k − 1|uj−1, uj) ≤ gb′′+1(k|uj−1, uj) ≤ · · ·

≤ gb′′+1(b
′′ − 1|uj−1, uj) ≤ gb′′(b

′′ − 1|uj−1, uj) = gb′′+1(b
′′|uj−1, uj) = 1,

X N+\�]5^ Q alternating inequalities b�c�daX3b�/�ZaC�U"~eb
,WSI\�]�^
gb′′+1(k − 1|uj−1, uj) ≤ (λ − bλc) < gb′′(k − 1|uj−1, uj) ≤ gb′′+1(k|uj−1, uj)

_ �0�#��fDg P X ′
bλc = k > k − 1 = Y ′

bλc OKT3C8U?T&C V"h P�\�]�^
gb′′+1(k − 1|uj−1, uj) ≤ gb′′(k − 1|uj−1, uj) ≤ (λ − bλc) < gb′′+1(k|uj−1, uj)

_ �i���Kj S X ′
bλc = k = Y ′

bλc O&T:C�U5ZA�D�:k alternating inequalitis ¥q¤�P ��� N λ / f V j
coupling (X ′, Y ′)

h
(

X ′
j−1

Y ′
j−1

)

∈

{(

1

1

)

,

(

2

1

)

,

(

2

2

)

,

(

3

2

)

, . . . ,

(

b′′ − 1

b′′ − 1

)

,

(

b′′

b′′ − 1

)}
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gb′′+1(0) gb′′+1(1) gb′′+1(2) gb′′+1(b
′′−1) gb′′+1(b

′′)

0 | � 1
1 � | � 2

1 � | � 2
2 � | � 3

2 � | · · · | � b′′

b′′−1 � | 1

gb′′ (0) gb′′ (1) gb′′ (2) gb′′ (b
′′−1)

�
4.1. alternating inequalities N � U ��� O gb′′(k), gb′′+1(k)

h�� `��<` gb′′(k|uj−1, uj),

gb′′+1(k|uj−1, uj) Q
' ZIU

O3TKC�XKb�_5��¥:C � � 4.1 	�
 	 UK2
�&N:X&b'¥%¤ X ′
j−1 ≥ Y ′

j−1 _ E ¤�`2~
U
Case 3: bλc = j + 1 N
=D></ f V j BA,5C8U V ²WP X ·�j Y � � b′ + 1 = b′′ OKT3C8UKG+H3J
�(� �
L:N���¡2¥C¤

cX′(j + 1) − cY ′(j + 1) = cX′(j) + X ′
j+1 − cY ′(j) − Y ′

j+1

= cX(j) + X ′
j+1 − cY (j) − Y ′

j+1 = 1 + X ′
j+1 − Y ′

j+1.

��N�O�P 1 + X ′
j+1 ≥ Y ′

j+1 Q g5R?S�®A¯KOKT3C8U
��� 4.3 ¥�¤�P Case 2 b�9�;-/ � N alternating inequalities _
E}¤#`eC�U

0 = gb′+1(0|uj+1, uj+2) = gb′(0|uj+1, uj+2)

≤ gb′+1(1|uj+1, uj+2) ≤ gb′(1|uj+1, uj+2) ≤ · · ·

≤ gb′+1(k − 1|uj+1, uj+2) ≤ gb′(k − 1|uj+1, uj+2) ≤ gb′+1(k|uj+1, uj+2) ≤ · · ·

≤ gb′+1(b
′ − 1|uj+1, uj+2) ≤ gb′(b

′ − 1|uj+1, uj+2) = gb′+1(b
′|uj+1, uj+2) = 1.

� ~5_Y� j �4� N λ / f V j coupling (X ′, Y ′)
h

(

X ′
j+1

Y ′
j+1

)

∈

{(

1

1

)

,

(

1

2

)

,

(

2

2

)

,

(

2

3

)

, . . . ,

(

b′ − 1

b′ − 1

)

,

(

b′ − 1

b′

)}

O3TKC�XKb�_5��¥:C � � 4.2 	�
 	 UK2
�&N:X&b'¥%¤ 1 + X ′
j+1 ≥ Y ′

j+1 _IE>¤ `4~+U �

gb′(0) gb′ (1) gb′(2) gb′(b
′−1)

0 | � 1
1 � | � 1

2 � | � 2
2 � | � 2

3 � | · · · | � b′−1
b′ � | 1

gb′+1(0) gb′+1(1) gb′+1(2) gb′+1(b
′−1) gb′+1(b′)

�
4.2. alternating inequalities N � U ��� O gb′(k), gb′+1(k)

h�� `��?` gb′(k|uj+1, uj+2),

gb′+1(k|uj+1, uj+2) Q
' Z+U

���
4.3

∀b ∈ {2, 3, . . .}, ∀ui,∀uj ≥ 0, ∀k ∈ {1, 2, . . . , b},

gb+1(k − 1|ui, uj) ≤ gb(k − 1|ui, uj) ≤ gb+1(k|ui, uj).

$K%
: 2D43O h�� �AN 2 ����N+\�]5^ Q g5ZIU 1 ���[N(\�]�^ h 9�;-/$g�ZaX&b�_DOK�3C�U
´ d3N�~!� Cb+1 = C(ui, uj , b + 1), Cb = C(ui, uj , b) b ' Z
U V ² gb(k|ui, uj) N��6¡"¥C¤

H(k)
def.
= gb+1(k|ui, uj) − gb(k − 1|ui, uj)

=
∑k

l=1 Cb+1l
ui−1(b − l + 1)uj−1 −

∑k−1
l=1 Cbl

ui−1(b − l)uj−1
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= (1 − Cb+1
∑b

l=k+1 lui−1(b − l + 1)uj−1) − (1 − Cb

∑b−1
l=k lui−1(b − l)uj−1)

= Cb

∑b
l=k+1(l − 1)ui−1(b − l + 1)uj−1 − Cb+1

∑b
l=k+1 lui−1(b − l + 1)uj−1

=
∑b

l=k+1(Cb(l − 1)ui−1(b − l + 1)uj−1 − Cb+1l
ui−1(b − l + 1)uj−1)

=
∑b

l=k+1 Cbl
ui−1(b − l + 1)uj−1

(

(

1 − 1
l

)ui−1
−

Cb+1

Cb

)

Q EaC�U?9�;-/
H(k) = Cb+1

∑k
l=1 lui−1(b − l + 1)uj−1 − Cb

∑k−1
l=1 lui−1(b − l)uj−1

≥ Cb+1
∑k

l=2 lui−1(b − l + 1)uj−1 − Cb

∑k
l=2(l − 1)ui−1(b − l + 1)uj−1

=
∑k

l=2(Cb+1l
ui−1(b − l + 1)uj−1 − Cb(l − 1)ui−1(b − l + 1)uj−1)

=
∑k

l=2 Cbl
ui−1(b − l + 1)uj−1

(

Cb+1

Cb
−
(

1 − 1
l

)ui−1
)

³ g�� `eC�U���� h : {2, 3, . . . , b} → R Q ��� � P h(l)
def.
=
(

1 − 1
l

)ui−1
−

Cb+1

Cb
b ��¡DZeC"b[P � N+\

]5^&_
E}¤�`aC�U
H(k) =

∑b
l=k+1 Cbl

ui−1(b − l + 1)uj−1h(l) (4.1)

≥ −
∑k

l=2 Cbl
ui−1(b − l + 1)uj−1h(l). (4.2)

(a) ui ≥ 1 NI=�> Q BA,5C8UV ² ui − 1 ≥ 0 ��NWO h(l)
h d7e��	��
����&O5T�C�U � ~�_
� j h(k) ≥ 0 _ ���#�Dj S 0 ≤ h(k) ≤

h(k + 1) ≤ · · · ≤ h(b) b � � PW]D^ (4.1) ¥%¤ H(k) ≥ 0 _+�<,3C�U ³ � h(k) < 0 �C¤ h(2) ≤ h(3) ≤

· · · ≤ h(k) < 0 b��&CIN�OW\D]5^ (4.2) Q�
 V
j

H(k) ≥ −
∑k

l=2 Cbl
ui−1(b − l + 1)uj−1h(l) ≥ 0 _
E

¤#`eC�U
(b) 0 ≤ ui ≤ 1 N
=D> Q B<,�C�U
X
N
=5> ui − 1 ≤ 0 �5NDO h(l)

h ���������?O3T&C8U ³ � \D]�^ h(b) ≥ 0 _ �0� �Kj S(P h(2) ≥

h(3) ≥ · · · ≥ h(b) ≥ 0 b�� � ]�^ (4.1) ¥N¤ H(k) ≥ 0 Q EAC�U � ~�_�� j h(b) = ( b−1
b

)ui−1−
Cb+1

Cb
≥ 0

Q gDR<S8®
¯"O�T&C�U
254-X
N
�"£�/ � V j ´ dKN
~�� αi′ = ui′ − 1 (∀i′) O ' Z
U���� H0(b, αi, αj) Q H0(b, αi, αj)

def.
=

(b − 1)αiC−1
b+1 − bαiC−1

b b ��¡DZeC�U ³ � °
±
−1 ≤ ∀αi ≤ 0, −1 ≤ ∀αj , ∀b ∈ {2, 3, 4, . . .}, H0(b, αi, αj) ≥ 0

_ Q 74~ R"S
P����:N�� b ∈ {2, 3, 4, . . .} /$� � j h(b) ≥ 0 Q EAC[U�XWX O H0(b, αi, αj) Q ^�����ZAC�U

H0(b, αi, αj) = (b − 1)αi

b
∑

k=1

kαi(b − k + 1)αj − bαi

b−1
∑

k=1

kαi(b − k)αj

=
∑b

k=1(b − 1)αikαi(b − k + 1)αj (b−k)+(k−1)
b−1 − bαi

∑b−1
k=1 kαi(b − k)αj

=
∑b−1

k=1

[

(b − 1)αikαi(b − k + 1)αj

(

b−k
b−1

)

+ (b − 1)αi(k + 1)αi(b − k)αj

(

k
b−1

)

−bαikαi(b − k)αj ]

=
∑b−1

k=1
(b−1)αi kαi(b−k)αj

b−1

[(

1 + 1
b−k

)αj

(b − k) +
(

1 + 1
k

)αi k −
(

b
b−1

)αi

(b − 1)
]

.

2 �4¥�¤�P����
H1(b, αi, αj , k)

def.
=
(

1 + 1
b−k

)αj

(b − k) +
(

1 + 1
k

)αi k −
(

b
b−1

)αi

(b − 1)

_ ��� N k ∈ {1, 2, . . . , b− 1} /$� � j ���"O5TKC5X�b Q g�R<S�®�¯&O�T�C�U V ² 1 + 1/(b− k) > 1 ¥f
αj ≥ −1 � � P

H1(b, αi, αj , k) ≥ H1(b, αi,−1, k) =
(b − k)2

b − k + 1
+

(

1 +
1

k

)αi

k −

(

b

b − 1

)αi

(b − 1).
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O3TKC�U X�X O ��� H1 Q αi O � ¯�ZaC&b�P
∂

∂αi
H1(b, αi,−1, k) =

(

1 + 1
k

)αi k log
(

1 + 1
k

)

−
(

b
b−1

)αi

(b − 1) log
(

b
b−1

)

=
(

1 + 1
k

)αi log
(

1 + 1
k

)k
−
(

1 + 1
b−1

)αi

log
(

1 + 1
b−1

)(b−1)

b��DC U������KN)� k, b
h

1 ≤ k ≤ b−1 Q 7!~ Z�N+O P αi _ ���DO�T�CWXDb Q B�� � j 0 ≤ (1+1/k)αi ≤

(1+1/(b−1))αi b 0 ≤ log(1+1/k)k ≤ log(1+1/(b−1))b−1 _8Eh¤ `?C U � ~W_�� j � � H1(b, αi,−1, k)h
αi ≤ 0 /�� � j d6e���� 
"O3TKC�U
	�,�/

H1(b, αi,−1, k) ≥ H1(b, 0,−1, k) = (b−k)2

b−k+1 +
(

1 + 1
k

)0
k −

(

b
b−1

)0
(b − 1)

= (b−k)2

b−k+1 + k − b + 1 = (b−k)2+12−(b−k)2

b−k+1 = 1
b−k+1 ≥ 0

_ �0�#��f U �

���
4.4 update function φ O���¡���`�~��(L�
��$b�c MD

h
“ �” /�� � j d6e:O�T&C�U�Z"�D�&k

∀λ ∈ [1, n), ∀X, ∀Y ∈ Ω, X � Y ⇒ φ(X,λ) � φ(Y, λ) _ � ���Df U
$&%

:
V ²�P����D��� ��N�ªY«�� Z1, Z2, . . . , Zr _6¨
© � j P X = Z1 ·� Z2 ·� · · · ·� Zr = Y _�i� �5f U � ~5_!� j PI�5� 4.2 Q�� ��� � � 
 ZaC3X"b�O φ(X,λ) = φ(Z1, λ) � φ(Z2, λ) � · · · �

φ(Zr, λ) = φ(Y, λ) _
E}¤#`eC�U �

�DY?/+P���� � ~��IL �"!$#&%W_�')(*�,+�� �.-*/�01!2/,3�4&O�T&C5X&b Q gDZ+U5�6
4.1 7 $�% : �W� 4.4 � � �IL 
��28�9 MD

h d�e&O5T � P�²�~ XU b XL _ � ` �(`Y�6�KN��A�� ������: � OKTKC3XKb h £�¤)¥�OKT&C�U � ~�_�� j �IL��
!;#)% 3
h�< e CFTP O3T � P ��= 2.3� ��� ��= 2.5 ¥�¤ ��= 4.1 Q EFC�U �

4.3 >lk ?A@"BDCotFEHGJIHK
254DP&� L��*!;#L%�NNM�O g ¦5/ f V jQP)R ZaC�UFX
N�S?O h � N�°�± Q 1��(ZaC�U
T,U

4.1 Dirichlet 'WV�X�(ZY h �����Y�A/�[5dWU5Z:���&k u1 ≥ u2 ≥ · · · ≥ un _ �i���Df U
� N���= hQ\ R ¯&N�]�­:��^L_"N�`Fb f OKT3C8U
5�6

4.5 °�± 4.1 N(4DP�� L �*!a#�% 3 N�M,O g ¦DNQb�c�6 h O(n3 ln ∆) O�T3C�U!~
¢ � P n
h � �

� Dirichlet '�V�XN(*Y+NNd�� 	 OKT � P 1/∆
hQe�f�g N�hLi)j Q ' Z
U

2�4�O h P coalescence time T∗ ∈ Z++ Q O��+Z-CDXKb[O���= 4.5 Qlk ZIU�~�¢ � P coalescence timeh
T∗

def.
= min{t > 0 | ∃y ∈ Ω, ∀x ∈ Ω, y = Φ0

−t(x,Λ)} b �
¡ ��`-C;mon ���:O3TKC�Up)q b�9
;A/�²+)WP���� � ~���L�
���8�9 MD N mixing rate Q path coupling �,= Q�
 V j O �
ZeC�U X N��D�A/ � V j °�± 4.1

hNr ­&O�T&C�U
���

4.6 °8± 4.1 NI4�O2�N� � ~�� L"
��;8�9 MD N mixing rate τ
h

τ ≤ n(n−1)2(1+lnn(∆−n)/2)

Q 7"~+ZIU
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$:%
:
<������ 3oV�� G = (Ω, E)

h��	��
 > Ω b � /���¡5ZFC��AN 
 > E Q�

f U �2� N �	� �

{X,Y } _ E /��DZeC�¬�­A®
¯A°�± h (1/2)
∑n

i=1 |Xi − Yi| = 1 b ZeC�U4£%¤�¥5/)3LV�� G
h 8,^&O3T

C�U ��� e = {X,Y } ∈ E /8� � j P����"NI*A,�.A� j1, j2 ∈ {1, . . . , n} _7¨
© � j
|X[1, j] − Y [1, j]| =

{

1 (j = j1, j2),

0 (otherwise).

Q 7"~+Z+UFX N+*A, .KN�� Q � e N������ � suporting pair
	 b[c�d�U�� e N�� 
 � {j1, j2} /8� � j

j∗ = max{j1, j2} ≥ 2 b � j P�� e NN� � l(e) Q l(e)
def.
= (1/(n − 1))

∑j∗−1
i=1 (n − i) O
�
¡�ZeC U X

XIO 1 ≤ mine∈E l(e) ≤ maxe∈E l(e) ≤ n/2 /�� � _6¬!­:O"T:C U �2� N�ª!«!� X,Y ∈ Ω /7� �j P�� e d(X,Y )
h 3&V�� G �"O�N X b Y N�������� b �A¡�ZaC U �2� N (X,Y ) ∈ Ω2 /7� � j

d(X,Y ) ≤ (n/2)
∑n

i=1(1/2)|Xi − Yi| ≤ (n/2)(∆− n) _ � ����f X3b)¥C¤�Po3�V�� G N�!�"&PIZ"���
k max{d(X,Y )}

h
n(∆ − n)/2 O�# �
,
¤�`eC�U�²A~��?NQ� ��N ��¡�¥�¤�P �!� N�� {X,Y } ∈ E /

� � j d(X,Y ) = l({X,Y }) _ � �#��f U� / coupling N�$�% (X,Y ) 7→ (X ′, Y ′) Q (X,Y ) 7→ (φ(X,Λ), φ(Y,Λ)) b �6¡5ZaC�U"~�¢ � P Λ ∈

[1, n)
h �W;�&��('��?OWP φ

h
4.1 S"O���¡ � ~ update function O3TKC�UaX5X�O �!� N8� {X,Y } ∈ E

/�� � j P
E[d(X ′, Y ′)] ≤ βd(X,Y ), β = 1 − 1/(n(n − 1)2), (4.3)

QQk � ) U�234&O h {X,Y } N*� 
 � Q {j1, j2} O ' ZIU2²Y~DP���+�, Q�- ) X"b �/. j1 < j2 ¥ f
Xj2 + 1 = Yj2 Q 1 �WZeC�U
Case 1: bΛc = j2 − 1 N =5>?/ f V j P

E[d(X ′, Y ′)|bΛc = j2 − 1] ≤ d(X,Y ) − (1/2)(n − j2 + 1)/(n − 1)

Q k Z+U j1 = j2−1 N g P*°�± 4.1 � � X ′ = Y ′ ODT5C U�	�,+/ d(X ′, Y ′) = 0 b���C U�2W4WP j1 < j2−1

N
=D>?/ f V j BA,5C�U V ² b′ = Xj2−1 + Xj2 b � P b′′ = Yj2−1 + Yj2 b ZeC�U X�N
g

Xj2 + 1 = Yj2� � b′ + 1 = b′′ _ � �#��f Uo�(L 
��28�9 MD N update function N��6¡"¥C¤
X ′

j2−1 = k ⇔ [gb′(k − 1|uj2−1, uj2) ≤ Λ − bΛc < gb′(k|uj2−1, uj2)]

Y ′
j2−1 = k ⇔ [gb′+1(k − 1|uj2−1, uj2) ≤ Λ − bΛc < gb′+1(k|uj2−1, uj2)]

Q EaC�U
p S<N��D� 4.2 O*0�1�~ � ) / alternating inequalities

0 = gb′+1(0|uj2−1, uj2) = gb′(0|uj2−1, uj2)

≤ gb′+1(1|uj2−1, uj2) ≤ gb′(1|uj2−1, uj2) ≤ · · ·

≤ gb′+1(b
′ − 1|uj2−1, uj2) ≤ gb′(b

′ − 1|uj2−1, uj2) = gb′+1(b
′|uj2−1, uj2) = 1

_ � �#��f NDOWP
(

X ′
j2−1

Y ′
j2−1

)

∈

{(

1

1

)

,

(

1

2

)

,

(

2

2

)

,

(

2

3

)

, . . . ,

(

b′ − 1

b′ − 1

)

,

(

b′ − 1

b′

)}

Q E?C�UWX N
g P ³ � X ′

j2−1 = Y ′
j2−1 �
¤[S P {X ′, Y ′} N2� 
 � h {j1, j2} b�� � P d(X ′, Y ′) = d(X,Y )

b �"C�U-²�~5P ³ � X ′
j2−1 6= Y ′

j2−1 �%¤ S�P {X ′, Y ′} N�� 
 � h {j1, j2 − 1} b � � P d(X ′, Y ′) =

d(X,Y ) − (n − j2 + 1)/(n − 1) b��KC8U
XDX�O+Y�0:N��D� 4.7 � � P uj2−1 ≥ uj2 N =D>

Pr[X ′
j2−1 6= Y ′

j2−1|bΛc = j2 − 1] − Pr[X ′
j2−1 = Y ′

j2−1|bΛc = j2 − 1]

=
∑b′−1

k=1 [gb′(k|uj2−1, uj2) − gb′+1(k|uj2−1, uj2)]

−
∑b′−1

k=1 [gb′+1(k|uj2−1, uj2) − gb′(k − 1|uj2−1, uj2)] ≥ 0
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gb′(0) gb′ (1) gb′(2) gb′(b
′−1)

0 | � 1
1 � | � 1

2 � | � 2
2 � | � 2

3 � | · · · | � b′−1
b′ � | 1

gb′+1(0) gb′+1(1) gb′+1(2) gb′+1(b
′−1) gb′+1(b′)

�
4.3. alternating inequalities N � U � � O gb′(k), gb′+1(k)

h � `��<` gb′(k|uj2−1, uj2),

gb′+1(k|uj2−1, uj2) Q
' Z
U

_ � �#��f � � 4.3 	 
 	 U
°
± 4.1 ¥�¤�P uj2−1 ≥ uj2

h�� / � � � k
Pr[X ′

j2−1 = Y ′
j2−1|bΛc = j2 − 1] ≤ (1/2),

Pr[X ′
j2−1 6= Y ′

j2−1|bΛc = j2 − 1] ≥ (1/2)

Q EaC�U
	5,�/
E[d(X ′, Y ′)|bΛc = j2 − 1] ≤ (1/2)d(X,Y ) + (1/2)(d(X,Y ) − (n − j2 + 1)/(n − 1))

= d(X,Y ) − (1/2)(n − j2 + 1)/(n − 1)

_ � �#��f U
Case 2: bΛc = j2 NI=�></ f V j ³ P Case 1 b�9�;-/ E[d(X ′, Y ′)|bΛc = j2] ≤ d(X,Y ) + (1/2)(n −

j2)/(n − 1) Q k ZaX&b�_DOK�3C�U
Case 3: bΛc 6= j2 − 1 ¥ f bΛc 6= j2 N�=D>�U-X�N g {X ′, Y ′} N � 
 � {j′1, j

′
2}
h

j2 = max{j′1, j
′
2} b

�&C�U � ~D_!� j d(X,Y ) = d(X ′, Y ′) O3TKC�U� `��+`&N
=�>&N����WZeCamon h Case 1 _ 1/(n− 1) P Case 2 _���� 1/(n− 1) P Case 3 _
	 � O3T
C�U32 �KN:X&b'¥%¤�U

E[d(X ′, Y ′)] ≤ d(X,Y ) −
1

n − 1

1

2

n − j2 + 1

n − 1
+

1

n − 1

1

2

n − j2

n − 1
= d(X,Y ) −

1

2(n − 1)2

≤

(

1 −
1

2(n − 1)2
1

max{X,Y }∈E{d(X,Y )}

)

d(X,Y ) =

(

1 −
1

n(n − 1)2

)

d(X,Y )

Q EFC U�3&V�� G N�!*"A_ n(∆ − n)/2 O�#��+,(¤�`FCKX&b$¥h¤�P
��= 2.2 � � P mixing rate τ
h

τ ≤ n(n − 1)2(1 + ln n(∆ − n)/2) Q 72~(Z
U �

���
4.7 ∀b ∈ {2, 3, . . .}, ∀ui ≥ ∀uj,

b−1
∑

k=1

[gb(k|ui, uj) − gb+1(k|ui, uj)] −

b−1
∑

k=1

[gb+1(k|ui, uj) − gb(k − 1|ui, uj)] ≥ 0.

$K%
: ´ < N
~�� Cb+1 = C(ui, uj , b + 1)

� ��� Cb = C(ui, uj , b) b � P � NI]5^ ��� Q�� ) U
G

def.
=

∑b−1
k=1[gb(k|ui, uj) − gb+1(k|ui, uj)] −

∑b−1
k=1[gb+1(k|ui, uj) − gb(k − 1|ui, uj)]

=
∑b−1

k=1 gb(k|ui, uj) −
∑b−1

k=1 gb+1(k|ui, uj)

−
∑b−1

k=1 gb+1(k|ui, uj) +
∑b−1

k=1 gb(k − 1|ui, uj)

=
∑b−1

k=1 gb(k|ui, uj) −
∑b−1

k=1 gb+1(k|ui, uj)

−
∑b−1

k=1 gb+1(k|ui, uj) +
∑b−1

k=2 gb(k − 1|ui, uj)

=
∑b−1

k=1 Cb

∑k
l=1 lui−1(b − l)uj−1 −

∑b−1
k=1 Cb+1

∑k
l=1 lui−1(b − l + 1)uj−1

−
∑b−1

k=1 Cb+1

∑k
l=1 lui−1(b − l + 1)uj−1 +

∑b−1
k=2 Cb

∑k−1
l=1 lui−1(b − l)uj−1
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= Cb

∑b−1
l=1 (b − l)lui−1(b − l)uj−1 − Cb+1

∑b−1
l=1 (b − l)lui−1(b − l + 1)uj−1

−Cb+1

∑b−1
l=1 (b − l)lui−1(b − l + 1)uj−1 + Cb

∑b−1
l=1 (b − l − 1)lui−1(b − l)uj−1

= Cb

∑b−1
l=1 (2b − 2l − 1)lui−1(b − l)uj−1 − Cb+1

∑b−1
l=1 (2b − 2l)lui−1(b − l + 1)uj−1

= CbCb+1

(

C−1
b+1

∑b−1
l=1 (2b − 2l − 1)lui−1(b − l)uj−1

−C−1
b

∑b
l=1(2b − 2l)lui−1(b − l + 1)uj−1

)

= CbCb+1

(

∑b
k=1 kui−1(b − k + 1)uj−1

∑b−1
l=1 (2b − 2l − 1)lui−1(b − l)uj−1

−
∑b−1

k=1 kui−1(b − k)uj−1
∑b

l=1(2b − 2l)lui−1(b − l + 1)uj−1
)

= CbCb+1

(

∑b
k=1

∑b−1
l=1 (2b − 2l − 1)(kl)ui−1((b − k + 1)(b − l))uj−1

−
∑b−1

k=1

∑b
l=1(2b − 2l)(kl)ui−1((b − k)(b − l + 1))uj−1

)

= CbCb+1

(

∑b
k=1

∑b−1
l=1 (2b − 2l − 1)(kl)ui−1((b − k + 1)(b − l))uj−1

−
∑b

k=1

∑b−1
l=1 (2b − 2k)(kl)ui−1((b − l)(b − k + 1))uj−1

)

= CbCb+1
∑b

k=1

∑b−1
l=1

(

(2k − 2l − 1)(kl)ui−1((b − k + 1)(b − l))uj−1
)

=
CbCb+1

2

(

∑b
k=1

∑b−1
l=1 (2k − 2l − 1)(kl)ui−1((b − k + 1)(b − l))uj−1

+
∑b

k=1

∑b−1
l=1 (2k − 2l − 1)(kl)ui−1((b − k + 1)(b − l))uj−1

)

=
CbCb+1

2

(

∑b
k=1

∑b−1
l=1 (2k − 2l − 1)(kl)ui−1((b − k + 1)(b − l))uj−1

+
∑b

k=1

∑b−1
l=1 (2(b − k + 1) − 2(b − l) − 1)

((b − k + 1)(b − l))ui−1((b − (b − k + 1) + 1)(b − (b − l)))uj−1
)

=
CbCb+1

2

(

∑b
k=1

∑b−1
l=1 (2k − 2l − 1)(kl)ui−1((b − k + 1)(b − l))uj−1

−
∑b

k=1

∑b−1
l=1 (2k − 2l − 1)((b − k + 1)(b − l))ui−1(kl)uj−1

)

(k)

1 2 3 · · · b−1 b

1

2
∑b−1

l=1

∑b
k=l+1

(l) 3

:
∑b−1

k=1

∑b−1
l=k

b − 1

=
CbCb+1

2

(

∑b−1
l=1

∑b
k=l+1(2k − 2l − 1)(kl)ui−1((b − k + 1)(b − l))uj−1

+
∑b−1

k=1

∑b−1
l=k(2k − 2l − 1)(kl)ui−1((b − k + 1)(b − l))uj−1

−
∑b−1

l=1

∑b
k=l+1(2k − 2l − 1)((b − k + 1)(b − l))ui−1(kl)uj−1

−
∑b−1

k=1

∑b−1
l=k(2k − 2l − 1)((b − k + 1)(b − l))ui−1(kl)uj−1

)

=
CbCb+1

2

(

∑b−1
l=1

∑b
k=l+1(2k − 2l − 1)(kl)ui−1((b − k + 1)(b − l))uj−1

−
∑b−1

l=1

∑b
k=l+1(2k − 2l − 1)(l(k − 1))ui−1((b − l + 1)(b − k + 1))uj−1

−
∑b−1

l=1

∑b
k=l+1(2k − 2l − 1)((b − k + 1)(b − l))ui−1(kl)uj−1

+
∑b−1

l=1

∑b
k=l+1(2k − 2l − 1)((b − l + 1)(b − k + 1))ui−1(l(k − 1))uj−1

)

26



=
CbCb+1

2

b−1
∑

l=1

b
∑

k=l+1

(2k − 2l − 1)
(

(kl)ui−1((b − k + 1)(b − l))uj−1

−(l(k − 1))ui−1((b − l + 1)(b − k + 1))uj−1

−((b − k + 1)(b − l))ui−1(kl)uj−1

+((b − l + 1)(b − k + 1))ui−1(l(k − 1))uj−1
)

.

V ² ��� G0(k, l, ui, uj) Q

G0(k, l, ui, uj)
def.
=











(kl)ui−1((b − k + 1)(b − l))uj−1

−(l(k − 1))ui−1((b − l + 1)(b − k + 1))uj−1

−((b − k + 1)(b − l))ui−1(kl)uj−1

+((b − l + 1)(b − k + 1))ui−1(l(k − 1))uj−1











b �
¡5ZaC8U X N g 1 ≤ l < l + 1 ≤ k ≤ b � � P (2k − 2l − 1) > 0
h £h¤'¥3/ � � �Df U � ~3_Y�j

∀l ∈ {1, 2, . . . , b − 1}, ∀k ∈ {2, 3, . . . , b}, ∀ui ≥ ∀uj, G0(l, k, ui, uj) ≥ 0 Q2k R<S8®
¯KOKT3C�U2£%¤
¥�/

G0(k, l, ui, uj)

=





(l(k − 1))ui−1(b − k + 1)uj−1
(

(1 + 1
k−1)ui−1(b − l)uj−1 − (b − l + 1)uj−1

)

+((b − k + 1)(b − l))ui−1luj−1
(

−kuj−1 + (1 + 1
b−l

)ui−1(k − 1)uj−1
)





��NWO�P G0(k, l, ui, uj)
h

ui /�� � j ����
"O5T3C[U � ~�_�� j G0(k, l, ui, uj) ≥ G0(k, l, uj , uj) Q E
C�U-X5X�O ui / uj Q�� �DZeC&b G0(k, l, ui, uj) N��6¡2¥C¤ G0(k, l, uj , uj) = 0 b � � P�� � h k � `
C�U �

� / coalescence time Q O ��Z-C8U
���

4.8 °
± 4.1 N(43OWPL�+L�
���8,9 MD N coalescence time
h

E[T∗] = O(n3 ln ∆) Q 72~(Z
U
$K%

:
<*��� � 3)V�� G = (Ω, E) b G �3N �!� N �(� � X,Y ∈ Ω /��DZ-C � e d(X,Y )

h ��� 4.6

O��
¡ � `�~ ³ Neb ZeC8U-²�~ D
def.
= d(XU,XL) b τ0

def.
= n(n − 1)2(1 + ln D) Q ��¡5ZeC8UD��� 4.6

OIE}¤#`�~+\D]D^ 4.3 Q 
 V C:b�P
Pr[T∗ > τ0] = Pr

[

Φ0
−τ0

(XU,Λ) 6= Φ0
−τ0

(XL,Λ)
]

= Pr [Φτ0
0 (XU,Λ) 6= Φτ0

0 (XL,Λ)]

≤
∑

(X,Y )∈Ω2 d(X,Y )Pr [X = Φτ0
0 (XU,Λ), Y = Φτ0

0 (XL,Λ)]

= E [d (Φτ0
0 (XU,Λ),Φτ0

0 (XL,Λ))] ≤

(

1 −
1

n(n − 1)2

)τ0

d(XU,XL)

=

(

1 −
1

n(n − 1)2

)n(n−1)2(1+ln D)

D ≤ e−1e− ln DD ≤
1

e

_ E�¤�`-C�U:X�X�O coalescence time N 

f

submultiplicativity � [40]
	
Q B���ZACKb P �!� N k ∈ Z+

/�� � j P Pr(T∗ > kτ0) ≤ (Pr(T∗ > τ0))
k ≤ (1/e)k _ E ¤�`aC�U � ~�_�� j

E[T∗] =
∑∞

t=0 tPr[T∗ = t] ≤ τ0 + τ0Pr[T∗ > τ0] + τ0Pr[T∗ > 2τ0] + · · ·

≤ τ0 + τ0/e + τ0/e2 + · · · = τ0/(1 − 1/e) ≤ 2τ0.

b �&C�U V ² n ≤ ∆ � � PY£%¤'¥�/ D ≤ n(∆ − n)/2 ≤ ∆2 OKT3C8U
	�,�/ E[T∗] = O(n3 ln ∆) Q E
C�U �

�DY?/�� L��*!;#L% 3 N�M,O g ¦�/ f V j�PLR ZaC�U
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5�6
4.5 7 $3% : �(L 
�� 8�9"N coalescence time Q T∗ O ' ZIUaX�X�O T∗

h m&n ���:O�TKC�U V ²
K = dlog2 T∗e b#Z-C8Uo�IL �*!a#L% 3

h
(K + 1) � �[N����"O T Q −2K b � ~ g /����
ZeC�U � ~

_�� j � L �
!$#)% 3 O�� � Z-C '��?N���� h 2K ≤ 2T∗ O*# �
,-¤#`�P2$�%	��� h 2(20 + 21 + 22 +

· · ·+ 2K) < 2 · 2 · 2K ≤ 8T∗ O # ��,-¤#`AC�U	��'	� h � � g ¦WOIE�¤�`eCKb�1 �+Z-C&ba�+L 
�� 8,9
N�$�% h �	� g ¦DO � �+`eC�U"²A~WPo�IL �
!a#&% 3 N Step 4 “Coalescence check” /�¬Y­:� g ¦ h
O(n) OKTKC8U � ~5_!� j >&M�M,O g ¦ h O(E[2T∗] + E[8T∗] + E[K + 1]n) = O(E[T∗]) = O(n3 ln ∆)

b �&C�U �

� � °
± 4.1
h

O(n ln n) OIE}¤#`eC�U
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\ R�� O h��	� J&N�
:,-¤�`4~ 2 � ¯
� ' Q �W; V�/��,%�/ � � Z-C��L4 b e�f�g Dirichlet ¯��A/��) -
/N0 !�/,3�4?/ f V j 0�1�~
UL��� � ~�-"/N0 !�/�3�4 h �WL 
��28�9 Q�
 V ~,-*/�0�!�/�3�4
O�P � ` �(`:N����e/�� � j rapidly mixing ���+L�
���8,9 Q ��� � ~+U �Y¤ /+PAX�`�¤8N��WL 
��
8�9:_ <�� � monotone

	 OKT3C5XKb Q2k � P <�� CFTP � monotone CFTP
	 � L �
!a#L% Q�� M �

~IU � ~5_�� j CFTP ��=</����:��E>¤ `-CQ-*/�0 L h � � ¯��e/��	�A/�� ) U
<��

CFTP � L �*!a#L% Q�� M�Z-C+/ h ªA«	 4¦�/8�7�Y����! Q �
�DZeC�¬�­&_5TKC�U \ R"� O h
G+H3J��N��� L Q B,��ZaC5XKb /��7� j �7�!����! Q ��� � ~
U X�NWG+H3J��N��� L Q B,� � P Dyer

and Greenhill N��ILW
�� 8�9&N $�% Q$#�% ZAC5X�b[O(P <�� �N�ILW
�� 8�9&N � M Q &
& � ~
U
²
~(Pe�f�g
Dirichlet ¯'�A/8� � j ³ P39 ;:N
(�4 Q ³ � j <
� ���+L�
���8,9 Q$� M � ~
Ue�f�g

Dirichlet ¯��"O h �ILW
�� 8�9&N <�� , � �T� rapidly mixing Q �4£
ZAC�~Y�W/ alternating

inequalty Q ��� � ~
U \ R	� N�^,_ h �+LW
�� 8�9"N2$�%:_:X NI\W]5^ Q 72~IZ"�(¤8S <�� , � ���
rapidly mixing NI�2£D_*) �ab89 ;:N��L4&O k ReC3X3b Q k�+ ZaC�U\ R"� O h � L��*!;#)%�N�M�O g ¦�N�O �K/ mixing time N�O���(,4KO3T&C Path Coupling Q�,�
� ~IU X N�(�4 Q�
 V C8~4��/ h ª�«	 2¦3/�� e Q �
�5ZeC)¬�­"_�TKCI_WP�-!¨&N�.0/ b�9�;<N�� e
Q �
�5ZeC"b$O �K_�1 .3254
6�^ g ¦ab8�87 j � ² ):90; P � �=< �-��� e Q B?,�>	4�6�^ g ¦DN �%&Q 
?, 9 U X�N � / � � j M�O�?�&
@ Q � V X NNO��3_
AL(0��(3N�B�C�O Y*DFE OKT3C3X3b Q2k8+
Z-C;^�_ Q E 9 U�M�O�?�&'@KN�G�H h�I
J B /�KDZIU�² 9 P�M�O�?	&�@&O h�L ± 3.1 M ��N L
O 4.1 _
O��&/�M V j \"P�Q OKT3C3X3b Q k�+ ZaC ^L_?/ f V j ³ ESR�` 9 U\ R	� ON��� � 9 �
L �
!$#L% h*T'U � CFTP � L �
!$#)%(O�TKC�U �$V � P"X
N,�
L �
!$#L% h
'��"N�� Q K	W�Z-CYX"Z3_5T � P�K	W�[8\3N � O�]Ln Q OD� V U:X�N � / f V j P 2000 ^</ Wilson N
��� � 9 Read Once �
LW�*!a#�% Q � 
 ZeC5X�b�O�_	`"O0a5C [49] U Read Once ��L �*! #)%�/ f Vj h�I�J

A /�KDZ+U
��� � 9 �
LW�*!a#�%(O h �+L 
�� 8�9&N���$�%:_ � � g8b O � ,5C5X3b Q 1�� � j V C�U �cV � P

Dirichlet d��"O h ��$�% Q <�e g"b O � ) X�b h
f�g ODT�C[U�-Z/Q0 LL`ab f T 9 � coalescence time

�5N�$�%?_*X�Zih?XKb Q Bkj�`<S�'�� V R:l&(*Y�d
�0m&N	��n Q ToR Vqp ;*r�s � j M5t�SN-"/N0
L
N�d��?_�u'd8vwa V b*a
x h amortize h��IL �"!$#&%�x	h0y8Uz Ywx(P m × n d'�"{?N�|
} �'~kx � � j P rapidly mixing h��WL 
���8,9?_�����Z�y V��wV P <� h��(L 
���8,9?_*���5Zqy V��5V P�_��5x��'_�`5��� b � j 	 � ` j V y�U
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 �
� 2000 E
� Wilson
����� /9g Read once �9(������;#���%�'W(���r�� [49]

1sK	� ��(������#	� �"!$# CFTP ��(��$���G# M&% #&: K
M(' �*)&��+ ;,�.- H0/21�:3� K=M #�O�465"+�7�8:9<;
�.=>���"? ' @
A � 1�B�C �.DFE�G�H �.I�JLKNM Ω

M
update functionφ H6ON%�P
(��Q5SR<T*#�'�( )

+ ,.- M ��p	:
�	�3(��$���G#�HQU A � 1 ��(>������#LV��FW X 2

 ����r
g CTTF O Coupling To

The Future YEH(X;��:
� 1 .�Y6Z�[ M /9(�\���(��$����#2V���]�^*_&: 2 % � =M4a`*b"\ *-successfulM
*-failing �+%	'=(.c�dJ:�� 1eFf0gLh

A (*-successful)

Step 1. 2 % ��K�- λ1, λ2 H �2i�:�� 1 ��j	k�lm5��>n�� ��oNp�q�r H T := 1 �	sFt#:
� 1
Step 2. 2 % ��u�; + ; λ1[T − 1], λ2[T − 1] H	v"wP/&\�x"yFz�y λ1, λ2

�.{2|�} �0~ A � 1 :,#��N�
λ1 = (λ1[0], . . . , λ1[T − 2], λ1[T − 1]), λ1 = (λ2[0], . . . , λ2[T − 2], λ2[T − 1])

M :3� 1
Step 3.

;6-
λ1
M

λ2 H��='W( 2 = � CTTF H u�@ :3� 1
Step 4. coalesceence check H @ � 1

(a) λ1
M

λ2
��� �0X�V��#oN�,O coalesce /����F#6� y,� T := T + 1

M /m� Step 2 �.�
� 1
(b) λ1

M
λ2
M O�� coalesce /_g��L� 12� � coalesce /_g�+ ;L-�����AQ� i ∈ {1, 2}

M :�� 1� q*� �2�$W 1/2
�Q�N� � i HQ�$�*� 1	;L- λi �&p	:�� ILJ :�#L�*� ΦT

0 (x,λi)
� � H� /�� o*p :3� 1eFf0gLh

B (*-failing)

Input:
I2J

x ∈ Ω Ha�	f�:3� 1
Step 1. 2 � ��K�- λ1, λ2 H �2i�:�� 1 ��j	k�lm5��>n�� ��oNp�q�r H T := 1 �	sFt#:
� 1
Step 2. 2 � ��u�; + ; λ1[T − 1], λ2[T − 1] H	v"wP/&\�x"yFz�y λ1, λ2

�.{2|�} �0~ A � 1 :,#��N�
λ1 = (λ1[0], . . . , λ1[T − 2], λ1[T − 1]), λ1 = (λ2[0], . . . , λ2[T − 2], λ2[T − 1])

M :3� 1
Step 3.

;6-
λ1
M

λ2 H��F�6� 2 = � CTTF H u�@ :3� 1
Step 4. coalesceence check H @ � 1

(a) λ1
M

λ2
'IM O"� coalesce /m���F#*�ay$� T := T + 1

M /�� Step 2 �.�
� 1
(b) λ1

M
λ2
� �.Y"y;V ' coalesce /9g �"� 1 coalesce /����2#.��+ ;�-*�Q��A0� H j ∈ {1, 2}M :
� 1 � q6� ����W 1/2

�Q�6� � j Ha���6� 1"���LILJ x
M ;2-

λj ��p	:
� I�J :,#�*� ΦT
0 (x,λj)

�	� H � /�� o*p :3� 1
B T � Z�[ H �*�2� Read Once �3(>�$�&��#WH B2C � /2�	:3� 1
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