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B Hitting time (FEXRZ#, UL ULEI G EZIEI)

T=min{t | Xy =v, X =u} HSHFEUCUCEDIE DR
Thit — E[T]

* Returntime:T = min{t > 0| X, = v, X; = v}
 Commutetime:T = min{t | Xy = u,X; =u,3s < t,X; = u}
B Covertime (MEERZZEN, U UILHAFIEZET)
T=min{t |{v|X;=v0<s <t} =V}
Teoy = E[T] vIN\SEFE U CRIERZ iR 9 D KFHE
B Mixing time (P(CX19 DEZN)
7(e) = min{t | Vt' = t,Vv,dry(PL, ) < €} TEEDICUNER T DR
e Couplingtime:T = min{t | X; = Y;, X, # Y}
 Blanket time: T(8) = min{t | Vv, N,(t) > ém,t}
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v X, €{1,..,n}(i =12 )3T EL, PriX; =k] = %(k =1,..,n).
v' T = min{t|{Xy, ..., X;} = {1, ..., n}}%= 1> T [E%(completion time) &I\,

|Q E[T]1ZRDHK. |

Ty = min{t | |{Xy, ..., X;}| = k}:kFE > T O1EX
Sy =Ty — Tr_yp:k — 1T U THSHFHEN D ETODIOIES

n
n—-k+1'

Claim. E[S, ] =

v k- TBO>TUIREET, $TEDLSHE p = .

v &> CE[S,] (&AM DEATFHE).

- pk n—-k+1
T=T, = 1Sk(g/1§ L, =519 (n = 100@H%)
n

ZESk ,Zn k+1—nzy~n(lnn+0577)
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v X, €{1,..,n}(i =12 )3T EL, PriX; =k] = %(k =1,..,n).
v' T = min{t|{Xy, ..., X;} = {1, ..., n}}%= 1> T [E%(completion time) &I\,

|Q E[T]1ZRDHK. |
‘Q. Pr[T > 2nlnn]ldENS SLIH? ‘

ChevyshevDAREFI\NZED E
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ar < 6 1T

E[X]2 — (nlnn)? _ 6(Inn)2

2

Pr[X = 2E[X]]| <




IBX
D
D
TR 4R
5




AT —MRE

AT

B/H1

- BEHIBITDEZDESE, VT

O

HFvZ5I<.

L ?

17



18

—
=
N

NS

)
— /I\

IBx 270

Na
& )




IR DT —ThMNE

B/H1

O

HFvZsI<l.

- BEHIBIDIEZDEE, JVJOHEI?
> I JAOJEE

- 2BIC1@FRED ) —REnicb, 377

P

19



20

—
=
N

NS

)
— /I\

IBx 270

- LN H
o




IR DT —ThMNE

B/H1

O

HFvZsI<l.

- BEHIBIDIEZDEE, JVJOHEI?
> I JAOJEE

« 2HIC1[O

Rl —Xanics, 37

> Y/ JATJEE

« 10HIC1

O ) )—=A=nNico?

P

> > JARNOJEE(FEEE1000DIFEE R THK)

21



P> <D EBR DT —RNE

AMr

sH1ENFv251<.

MU —XENTnBRICHh

> Q >0 ?

BN ) — XK.

22



23

—
=
N

NS

)
— /I\

Wwo < DEIEXRDD

Y
AEH




Do < DEIERDT—

TR NG

AMr

sH1ENFv251<.

([ ] n b

> Q >0 ?

v A DT AROIREER

Edmeunt i RSYANS))

> Q. niRICIFEDS BNI>TENSB?

1.0(n)

2.cn
3.n—cyn
4.n—clogn
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DO DEBERDIT—IME y(n): nBIOEZK
U,,: nHAZRODKRIRE T 1 7~ LADIEXEE

A8
npoRe

bp(n) =ndO&EE, E[U,] < 1.
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) ) BHIEHF v &SI (—HRS T L)
Do < DEBRDIT—INUNE v(n): nBOE

PN Uy : nHEARDRINE T A 5 LDIEFEE
@: nDEE, E[U,] < 1.

sE85

T I pebtnie R RN

v U, = ﬁ:lgtn

v PA T AnnEARICKRINEDTEER
Pri€,, =1] = (1 — l) <el

n

v PAT L < D nfiRICRINEDREE

1 i 1 i+1 1 n 1 n+1-i
Pr[€,=1] = 1—= ) (1-—=7] ~(1-7) <|3

RN S T 1 1 1
VOEU] =S PrlEa] <R (5)  =otatota <= <0582

e2 en 1—= e—-1
e




) ) BHIEHF v &SI (—HRS T L)
Do < DEBRDIT—INUNE v(n): nBOE

= Uy, : nHAZRDRINE 771 5 LADFIELEL
AN =
d(n) = gwtg, E[U,] < 2.
5L BH
V Ein = ! (nlﬁ\ﬂﬂil:?’r_j—_éi?\ﬂ%@%) (i=1,2,..,n)
' 0 MHEERICPA T Ai DINEEH)
v U, = 2516%n1
v P T AnDnHEBRICKRINEDHER
1 % 1
Pri€,, =1] = (1 — —) <e?2
n
vV PA4TMNi(i £n)D nﬁﬁﬁilc_ﬂil&%@ﬁ?’ﬁi
i+1 n n+1-i
! n+i-i

o= () (o)

_ 1
n+1—i 3

1\ 2 1 1 1 e
v E[U’n] = ?:1 Pr[gi,n] < Z?:l (g) : — 2"‘?"‘ +_7} < 214 - _'1‘ ) < 1542
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Do < DEBRDIT—INUNE v(n): nBOE

= Uyt nHAR ARG T 5 L DRESES
DiEE
b(n) =cndESE, E[U,] < ecl—1'

=765
v PATFA (< ) nEIRICRINEDTER

1\ ¢ 1\ 1\ " 1\ v1-D)
Plen=11=\1-7) (1-757) ~{1-z) =

1\ c(n+1-10) 1 1 1 X
CEU =S PrlEal ST () T satEt ot m <z e e
eC
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d(n) = cndES, E[U,] = — (1 —l)cn ~
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X D0 —RUNE b(n): nHADHZX
Uy: nEASRODSFRUNEE 71 7 s DREAE
EiE
D:N — N.
(i) b(}) = ci DEZE, E[U,] = 0(1).
e ez, E[U,] = o.
(ii) 2 BT ESR @Eﬁ%b\o SHRRZ (2 > ) e,
E[U,] = (1-0(1)) b(n)+1 ~

(i) p(i) = c(BED EF,

E[U,] = (1 —0 (1))

n

c+1°

n
Un] —

d(i) = o()DBF, E|
(e.g., d(D) = [Vi],
p(i) = [logi] etc.)

O,




3. JEEMIEX DTS5 T EDRWD “cover time”

D—MUPNENSEIRT S T _EDRWA

2. S. Kijima, N. Shimizu and T. Shiraga, How many vertices does a random walk miss in a
network with a moderately increasing number of vertices?, Math OR, 2025 (to appear).
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Random Walk on a Growing Graph (RWoGG)EF)L

O Growing graph: (B2EN73)20 = T D5 [K, Shimizu, Shiraga “21]
g = gOl 91, g2;
G, = (V, E)IFERNIRT S 7.
EE L, Vv, ZIRE.
CODFERTIIE, € €4 BIRFE.
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Random Walk on a Growing Graph (RWoGG)EF)L

O Growing graph: (B2EN73)20 = T D5 [K, Shimizu, Shiraga “21]
g = gOl 91, 92'
G, = (V, E)IFERNIRT S 7.
EE L, vV, €V ZIRE.
CODFERTIIE, € €4 BIRFE.

O RWoGG (b,G,P) : X, (t =0,1,2,..) e V)

> 9(1),0(2),5(3), ... € Z (& duration timeZ@ K 9 . ——
n _ b (FERAE—R
> T, =X, d(n)& L, Growinggraph (& (DX =Y
G, =G™ for t € [T,_q,Ty_q + d(n))

E9dD, DFD

(¢ B0 s(DRAFY S

G, = 4 ¢ RDQRQRTYS
GB  RDo(BNATWYVT

| :

> P (F6M _FDEFSHERITY.




b(n): nHADHZX
{5l Preferential attachment PA(d)DDRWoGG  U,: nEisRD*iHRIIESE

GO = (v, EO)FEIRI ICHBRENS: ;
BUEFFT.
1. JEA i BEd 3. (Bt8ZETT. )

2. degl_l(u)(:ttﬁ“?%ﬁﬁgﬁd'f@@]ﬁ,ﬁ)ﬁ, 'Xd (S Vi_17&i§§/§\‘
3. dEROR{i+1,X3, .., {i +1,X,)xEN9 3.

G = (V(l),E(l)) G2 = (V(Z),E(z)) G®3) = (V(3),E(3))

AN

—— (1) —p —— D(2) > < b(3)



b(n): nHADHZX
{5l Preferential attachment PA(d)DDRWoGG  U,,: nHARDFIHRITBSE

6O = (v, EO) FEIREI (TR NS )
’ (@wass. )
1. A& &BNTS.

2. degl_l(u)(:JIIZW'J?ZDEE’—_%‘_—‘_C‘d'ﬂE@]EF\'—\:{Xl, 'Xd (S Vi_l%:\@/}‘\‘
3. dEROR{i+1,X3, .., {i +1,X,)xEN9 3.

G = (V(l),E(l)) G2 = (V(Z),E(z)) G®3) = (V(3),E(3))

AN

— (1) ———— d(2) > b(3)

T (Preferential attachment) =THRES
PW(Xlazy simple& 9D, vy > 0,3C > 0,




) b(n): nHADHZX
JEDIEX B0 = T _EDRW U, : nEBsRDFHRTESE

EIR (—fi% F5R)
b(i) = cty (V) (c > 1)DES, E[U] = 0(1).

=520 TN ks, E[U,] — 0.
thit(1)
sIFEA DR
ER:]
n n n
E[U,] = z Pr[v; is unvisited] = z Pr[vy, is unvisited @ i*" period]
k k=1 i=k
BRE (C (&
L T(i) = maxmin{t|X, = v,X, = u} on G¥
BVl < ) | [Prir > v u
k=1 i=k
RILVAIDRER K OPr[Tie() > 2] < PERALT
n n t n n 1 n 1 1
hit _
E[Un] < Z | D(i) = . c — cn—k+1 = c—1



) b(n): nHADHZX
JEDIEX B0 = T _EDRW U, : nEBsRDFHRTESE

L YARNY

TEIR (lazy reversible)
PW(ZLlazy reversible &I 3.

b(0) > D 4 26, () DEZF, E[U,] < 8N + 32,

_ ) = ' = . (@)
TR DS T, (i) ml?xmm{tht v,Xo ~m} onG

t
* Lazy reversible(CXt U CPr[T,(i) > t] < (1 — ti) < exp (— ti) by [Oliveira Peres 2019]
hit hit

o E[U,] < X711, Pr(Tyic (D) > d(D) ] L= X z0.
Pr[Tyic (i) > 2(i)] = Z Pr|Xze . = v| Pr|[Thie () > 2(0)|Xoe, . = V]
’ 3

~ it 3 1 1
_F —_— < — —_ _F —_
L) > =y ] 2=3P\"N) g

< Pr

« E[U,] <Xk G exp (— %) + Z)n_kﬂ < Yk=1 (exp (— 3—’;) + exp (—%) ) < 32+8N
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v’ “Cover time”
> IBR DU —RUNERIE
> HAfd]o & REPMIZRE[U,, | DR1%
v BlIslE
S DERRE
v IFRIT S TJI5E52 ERB<HER LU TEcover CEDN ?
v’ Cover time. BIRMELIINDIEE
> BFledDfn
» “mixing time”
« ConductanceiAZT (I U3DD [Dembo et al. 2017]
vV EENEX D + DigmtZ{bdd
> [EHR] S44F
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Thank you for the attention.
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Do <D EBERBDIT—NTFR d(n): nEADHZX

PR Uy, : nHAZRDRINE T 1 5 LDIEFEE

n 1\ " 1
> (1-1) =—.
cn+1 n ce¢

b(n) = cnd®ES, E[U,]

=1d:
v E[U,] = X0, [T (1—1) —:S(n)

v . 1\
Proposition S(n) > — (1 — E) :

Claim 1: S(n + 1) = (1 - L)C(nﬂ) (S(n) + 1).

n+1

(1 _ %)Cn = S(n) + 1 > -2

Claim 2: S(n) = A ETIFEL

)'Fﬁ'ﬁ?W/ﬁ & LC ’

1 c(n+1)

(1 cntl) 4
- n+1 cn+1)+1

cn+1




e Proof of Claim 1
n+1n+1

k=1 =
1 c(n+1) n n ci
- (1-52s) (zﬂ(l__) +1>
n+1 [
k=1 i=k
1 c(n+1)
= 1_n+1> S(n)+1)

* Proof of Claim 2

n 1\"

S + 1> 1—-— 1
(n) cn+1< n) T
=l

n

—cn n—cn n+1 n+1

= +1= +1= >
cn+1 n cn+ 1 en+1 cn+1)+1
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D> <D EBEXBT—NURE

AMr

(S, DIEE)

p(1)
5N - N, S(n) = 37, [T, (1 _ 7)

(i) p()) = ciDESE, S(n) = 0(1).
(i) DAV EESRAIERA (b() < d(i+ 1)) DET,

b(n)
S(n) = b(n)+1 (1 B %) : '

(iv) 0(i) = c (EEODEZE, S(n) < —.

c+1

(iii) bb\’) %ﬁ?ﬂ’ (b(l) b(l_:_ll)) O)tgl S(Tl) < %
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