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Laplacian matrix: L =1 — P
- ANPOEIBE < 1 - INLOEEE. BBENRD NLUIEHE.
v Pv=w&9ddDE, lw=(-Pv=v—-Pv=v—-iv=>0-Dv.
LODOEBEBE(FOA 2L F.
v—1<A<1KD0<1-21<2
IS (0, ¥) = Yyeq 0 (OP(x)
TR (0, Y)r = Tyeam(X) @) P(x) (= Ex[oy])

Dirichlet form

Ep(@, ) =@, LY)r ={p,U —P)@); = Z m(x)p(x) Z (106, y) — P, y)) ()
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Ep(Q,
1-— Az = lnf P((p (p) Varn[(p] = En[((p - [En[(p])z]

pzc Var o]

_ z () (@ (x) — E,[0])?
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Intuition: PH\IFIDIZE

foid 10.2.

PHVIT)LT — R THRDEE,
| Ep(p, @)
inf

20 ()=0,0£0 (P, P),

sIEBA: Ravlei hﬁ
aviel (=
o PHMIRDESE, m(x) =ﬁ- j °

1_2,2:

. 8<p(<p,<p) _ (@oLo)n _ (@.Lp) b1 — OBV LT,
0.9 (0.0)n (0.0)
* Y =mx1IEDT ¢ =Y P ETDE,
f (o, L) 1— 3 (@, Lo) _ Xia(1 — )i (i i)
oiloz0 (9, 0) 2 T (0.0) iz 4 o )
* 9 ll1e Y, 0k =0CTES. > min(1 _n’li)zziﬂci Wi, i)
i=1 Ci (Wi, ;)
= min(1 — 4;)

pl1l,p0DESmIin(l-—1)=1-21,



TEIE10.1.0D:FRH

o' =T"2¢p
sIERR:

Ep(@,9) (@, Loy, (Y29, NIY2Lp) (@, TY2LII"Y2¢") (9, Ap')

(0,0 (0,0); (129, 1Y2¢p) (@', @") (e, 9"
-¢4=vﬁm?r \ A = N2~ 12 DEBE0D
inf 2 APy, Ba~S ML (2, ., 7l/?) (EoE)

o' LT p'z0 (@', ')
« @ Lyme(p'Jr) =0 (1V2p,NY21) = 0 & (¢, 1), = 0[TER.
inf (0, L@ = inf (0, L@
011020 (@, 0)r  ¢1L020{P,P)r — (9, 1) ~—— ¢ L1=(p, 1)y =0

(0, Lo)y
inf
PkLoZ0 (@, P) — (@, 1)
i (0, L)y

c T )1 72T
([TEE <€q;(¢<0> ®) i Ep(p, ) = (@, L),
= M Var, ] Var,[o] = Er[(¢ — Eq[o])?]
" = Exl@?] — Ex[o]?

= (@, ) — (@, 1)




MULTI COMMODITY FLOW




Q(e) :==m(z2)P(z, z"): “capacity” (a.k.a. ergodic flow)
R(x,y) == n(x)m(y): demand
paths,.,: xSy DEEFERXES, paths = Uy paths,,

« f:paths » R* U {0}

z f(@) =R(x,y) V(x,y) EQxQ

PEPxy

* f(e) = Xpse f(P)

+ p(f) = max EE103. _ )
¢ PRI I—FNETD. AEOIO—FICHULT
_ 1
DU =, max,Ip| =5 < P(HD()

% 10.4. (cf. EIE8.1.)
7(e) = 0 (p()D(f)(logmyl, + loge™))
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PATILI—RANETS., EFEOTO—FICHLT

<p(ID(f) (*)

HI::[DYak 8
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Vary[¢] < p(f)D(f)Ep (@, )
i INC

¢ Varg[p] = 25, ()0 (9(x) — 9 (»)’
+ Ep(0, ) =5 Ty TP (6, Y) (9 (x) — o)’




Note

Varrt[go] = IE,T[(QD - [En[go])z]
= Epl@?] — Erlo]?

2
= ) TG - (Z n(x)cp(x)>
xX€ X€E 5
= Z T(x)p(x)? Z n(y) — (Z ﬂ(X)QD(X))
xX€Q ye xX€EQ
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_ Z z () (y) »(x) -; vO)” _ (Z n(x)go(x)) (Z 7T(3’)<P(3’)>
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L E
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Note

Ep(p, @)

=@, Loy =@, (I = P)p)r
= > 190 ) (1Y) ~ P, 1)e®)

XEQ YEQ

— z () () (I(x,y) — P(x,v))p ()
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X,y
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s1EBA
2Var,[¢] = z () (y)(p(x) — <p(y))2

Xy ) P(x) = 0(¥) = X umep(@@) — W)
=) D @ (0 - 01)) /
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511: Hypercube (uniform flow)

{0,1}* EDlazy RW; N = 2" &9 B.

* Q) =r(WP,v) =<—=

R(x,y) =n(x)n(y) = F

(x) = %

1

2nN

FlowDs%5T: R(x, v) Z &= 2 iEmk (CIIF (TR

> f(e) — ZeEEf(e) —

1
> p(f) =maxL8 =2 =y
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{511 Hypercube (uniform flow)
{0,1}" EDlazy RW; N = 2" &5 3. m(x) =~

e Q(u,v) =m(wW)P(u,v) = ;Zln = Z;N

+ R(x,y) =n(n(y) =
FlowDs%5T: R(x, v) Z &= 2 iEmk (CIIF (TR

n

1 .
> f(e) = Zeee /@) Ty dist(ry) 2 g

|E| Nn Nn 2N

1
o f© _
> P =maxg =" =n

2nN

> D(f) = max|p| =n

lo

1
og—
<n? Ufeht> Tr < —min < n3log?2
1—2.2 _AZ

e = (3,7):
fi7(e) + fig(e) + f27(e) + f3a(e) + fz6(e) + f37(e) + f3g(e) + fs4(e) + f57(e)
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FLOW ENCODING
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244 paths(e) € paths: eZ® &5 DIFIE
JO—f@encodingldn,: paths(e) - QC
1.1, (FEEHY

2.3 < poly(n),Vx,y € paths(e),
m(x)m(y) < ﬁﬂ(x)ﬂ(ne(x, )’)) felzle = (z2,2")

TFIE 10.4.
EFEWmEI T 1—RICWULT
p(f) < 'Bpr(r?z)’()P(z,z’)

ZIEBA

« f(e) = Z(x,y)epaths(e)ﬂ(x)ﬂ(w
<p Z(x,y)Epaths(e) ”(Z)”(Ue(% y)) < pr(z)
* Q(e) =m(2)P(z,2")

. _ f(e) 1
P =@ = Fra
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512 hypercube (canonical path)

Path encoding: Left-right bit-fixing
Ne(X,¥) = X1X2, o, Xi, Yis1Yit2s - Vn

« () (y) = n(2)n(n.(x,y))

. < —
p(f) < max ;o on = 2n
* D(f)=n

1

KD Tt < D(f)p(f)log

= 2n3log 2

TTmin
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Warm start

TEIE

PIEIT)LI— R Tlazy&E 9 3.
X, = xEF BT TEHICH LT

7,(6) < %(2 Ine™ ! + ln(4n(x))_1)

=72 Ua = inf 2292
pZc Varg|o]

7,(€) = min{t|Vs > t, dy(PS, ) < €}
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