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_ Fully Polynomial-time
S Ml 3
5[ EBANFDMCMOE Randomized Approximation

“ValiantstEl” (since 1979) Scheme (FPRAS)
#PIRIEEIRNA € RICXT UTC, IARZ € RZABE
Prill—e)A<Z<(1+6eA]=1-6
TZIET B (poly(input, e 71, log 6 1)) TSN D H ?

%187 B E] (polynomial time) & (FAINZIER 7R DH ?
) [E#] OB




[StE=] (RIEM Turing machine)  mxgmamonES)

/ worst case time complexity’Z 189

O :T8= = mELIZ(BIREICIRD)
- PidHAF, BETHLU, KA, L& 0(11ED
- MALRE(+, — x,/) OHIE) ~ O(HTE?)
. WRIEE(-AV,2)00)/UHEE
o #EDIRU(for, while)[dHE DR LHDEEDIEE
e [J\SA—-4]
> BETE(EZ)R50(1)
> OIZERSMAIEE(CH£ET D
- [BEEZ1TZV)]
> STEENFRIAINTULNG, BNITHERL
> ASOILGTEE=TIE, BEEOEEIE(IRI(CER D
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Turing machine

O T2k
- BEAONAEE
o mIEEE (=AV,o,T,LH0l1v0o=11A0=1)
- R, IFREOHIE (I3)
o RIRENDHZOEND EAETUNDSD: WhileX. ForX)
il
O C&ialnhC &
£ (\EIEZRN—R) OF5t8E (ZTXAERDOHONTNEN)
[ZE L UV] BAERMDETE: sin, cos, tan, exp, log, etc.
W, B (—R(ID)
—EahEEimIE ((RLETHRTRE)

> 7z & X TTErIEEN EPEHERS.



PythonClEmathZimport U Cexp(x) (FETETEBI?

exp(3) = 2.718 % 2.718 * 2.718
exp(1.5) =~ /2.718 * 2.718 * 2.718 (FHIEAR)

10

exp(1.7) = (((2.7182)2)2)2 % 2.718

\
_ 1 2.1 3
exp(x)—1+§x +§x + .-
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O 515 = accept-rejectDRTE
O A7 =55
O/aE [ZIET] KFfE ?

> FilE. IFE



STERIZF(CHITDETE: Turing machine

do

l

([x|A|=alx]) |=(|y|+]1

Turing machine

header & tape CHgRk = UTTHEAR
> ROSNTZRANCHED TEMET D
header(3B[REDEEMHRAIE (BEA— Y K~2)
tape(EXED
> XFEZAICDEVNCDEBS]RRIZD) TED. ES(CLRMZWD
X F (I EIETELE
A2 (C, accept(IE L WY) or reject(fBhE W) ZHIr U TELE
> FFFCERVETERENFET D (TuringDIFLERRE)



sTEHEEIFORESE  (NPLAHL)

1874, Cantor, oo™ # 2% X #Ram,

1900, Hilbert, ST &4 (23fE1RE)

1931, Godel, AT R4 EE

1936, Turing, Turingtta; + 1S 1E 58

1936, Church, S LAY EtE

1945, von Neumann, /1 < >8> E 1 —4(ENIAC)
1956, Kleene, regular language = finite automaton¥!|7E
1956, Chomsky, ChomskyP&/E

1971, Cook, NPT DIRE




Turing machine@D 7 ctB (dimIESF
Hilbert5TIE|(1900)
HEMNELWC EZEFFAE &K

o« EIGERH: SRIEEEARAC K DEN

(15]) an%EE: Vx, Vy, [even(x) A meven(y) — even(x + y)|({BEX+ETEX=1HZX)

s1EBH:
even(x) = Ja(x = 2a)
—even(y) = 3b(y =2b+1)
x=2a0)A(y=2b+1)=>(x+y=2(a+b)+1)
Jc(x+y=2c+ 1) = —even(x + y)
—even(x + y) Aeven(x +y) =1

« SEBHCTEN(Taccept (=TFEIE), FEHHUIreject
Godel(1931):

SEBA & (3EF (GodelZN)DETETHD. sSTETERRVEENFET B.
STEHEFR] S (Turing(1936), Kleene(1956), Chomsky(1956), ...?):

T8 & (IXFF Daccept-rejectDIRTE CHD. RE C=RVWXFINNFET D.
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D

B 515 = accept-rejectDIRTE
O A==
O73E [ZIa ] R ?

> FilE. IFE
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X: Y%@%E(alphabet)
« I REKDXFIDES. * =up, K
« L c¥*: =&B(language)
« w € L:z8(word)
e wE€ LZacceptlL, w & LZreject CEDZ E%&recognition&E LD,

TEIE (Kleene 1956)
IEMEETH D EDBE+TDERAFIBIRA— MY M2 Trecognize T3 E5E

2 ={0,1}&£9 3. BREA— Y h(E
O [ERREFZEDHI NN b Y g VAN A
(wwDERH LRZEFEIUXF} =0z*0u 1z 1U0U 1l
(WlwDEZ(I3DEE] = (ZD)* 0
o {wlwlF1ZEEEE D} l 1 ﬂ
O ERSETRLV /\.
. {0M"|n = 0) en pd
o {wlwlFo&E1ZEZEE D} U \/




Chomsky hierarchy

JFHNEYB]E Turing machine
Recursively enumerable

S ARARTT

Context-sensitive

Linear-bounded auto

M ARE

Push-down automato
Context-free

1EAR Finite automatol
Regular

ton
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YRTE [5EE (decision problem)

1. 0= J3E
AS:G = (V,E)
BE: GII3BTEDDITENDIN?

£Le2={0,..,9{},,:,; IS TI3ESE

w = 10: {1,2}{1,5}{1,6}{2 3H2,7H3,4}{3,8}{4,5}{4,9}{5,10}
{6,7}{6,10}{7,8}{8,9}{9,10};
wEL
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YRTE [5EE (decision problem)

1. 0= J3E
AS:G = (V,E)
BE: GII3BTEDDITENDIN?

£Le2={0,..,9{},,:,; IS TI3ESE

w = 10: {1,2}{1,5}{1,6}{2 3H2,7H3,4}{3,8}{4,5}{4,9}{5,10}
{6,7}{6,10}{7,8}{8,9}{9,10};
wEL
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YRTE [5EE (decision problem)

1. 0= J3E
AS:G = (V,E)
BE: GII3BTEDDITENDIN?

£Le2={0,..,9{},,:,; IS TI3ESE

w = 10: {1,2}{1,5}{1,6}{2 3H2,7H3,4}{3,8}{4,5}{4,9}{5,10}
{6,8}{6,9}{7,9}{7,10}{8,10};
wé&L
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f52. Partition (cf. 0-173~v JH v JREEE)

ljj: ;Eﬂg;& 21,29y iy ZLp, k.

B S5tk ERRDHE B (EFEIT DH ?

#51:23,5,7,11,13,17,19: 38.
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f52. Partition (cf. 0-173~v JH v JREEE)

ljj 9& Z1,2Z9, - Zn;k

[Eel: BT Hhk CIRDHEREFEIT DN ?

1. 2,3,5,7,11,13,17,19; 38.
FHYETHE(dynamic programming; DP)

mDONEZX D ?
> 18X CH38FKTC.

AN DZIRTRFR ?

13 17 19

18
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f52. Partition (cf. 0-173~v JH v JREEE)
Ajj 9& Z1,2Z9, - Zn;k
EIRE: STk EIRDEE B (EFFET DM ?

f5l: 271,314, 141,200, 223,264,316,331; 1008.
FIHYETEZ (dynamic programming; DP)

mDENEZ D ?
> 18X CHI1008FK C.

AN DZIRTRFR ?

271+4200+223+314



f52. Partition (cf. 0-173~v JH v JREEE)

ljj 9& Z1,2Z9, - Zn;k

[Eel: BT Hhk CIRDHEREFEIT DN ?

1,

27493847264785763747,
11048534940392845843,
24349209340394059321,
14330594095049538497,
19134704294349044340,
19417344368134910019,
22233434958080520924,
17000000000000000000;
74076491623349079329.

20

ROBMNMEZX B ?
> EXTH74076491623349079329F C.

AN DZIRTCRFRE ?

ANYA X (IHTETHRXS.
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?7:&2 B LTFD?LEF«E [Valiant 79]

RERIREDFF CETEEDER IIZ D (CHEEEmINTH D.
> EERIINPTEERBEDEL =X, BRXREESEDOH

NSEECESHEERDITDIH USICERTS.
HEEmOEROPNGE, F(ED, HEBDOEE TS S.

RIEBIREDEEDEZIENR SNDDTHDDINH ?

wE LICH UL TR = sm O A T

____ Certificate & Hh witness

Cw) cx* o
DR EEE TS, | SIS

‘Q.WELJ’J\"S}?_’O“EH%, IC(w)|Z3KED K. ‘




XX _F I TEIRE (counting problem)

i1 052388

AB:G = (V,E)

[Eef: GEI3BTEDTITESNDIN?

C(w) < {r, b, y}** TEEERONEH T
rbyrbbyryrc € C(w) « Certificate & D witness

EIFIND.
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XX _F I TEIRE (counting problem)

Bl1. 0> T3%E

AS:G = (V,E)

[Eef: GEI3BTEDTITESNDIN?

C(w) € {r, b, y}° STESEROMEM T
rbyrbbyryrc € C(w) « Certificate & D witness

rrrrrrrrrr € C(w) EMFEEND.

23
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STERIZEDOMCMCE

STE=0 5 X #P [Valiant ‘79] : _
LINPICETDESE, we LICHU,

C(w) € 2*ZwDcertificateDES ET B. cf. T [2H1991]
|C(W)|7Z3KEDDBRED T S X 7Z#P &ML, P*P = pH

“ValiantETBl” (since 1979)

#PRIEE|C(w)| € RICX LT, TifEZ € RZABE
Prll—e)lcw)|<Z<A+¢e|cw)|]=1-6

TZIE B/ (poly(input, e 71, log 6 1)) TRsHSNBDH ?

Fully Polynomial-time Randomized Approximation Scheme (FPRAS)

A€ RIS LT, TlfEEZ € RZEAEE
Prlll1—-e)A<Z<(A+e)A]l=21-96

TZIE I (poly(input, € 1, log § 1)) T3k&D B 77)L T X s,




(5181 Z#ED ]

D

B 515 = accept-rejectDIRTE
B A =XF5
OGE ZIEN] BFhE 2

> FilE. IFE

25



P = NPFAE

sa LOV ISR TE E Turingtéti C Z ATV el CHIEPIHE

+

(=FEENDSENND)

=SB LISRTE ETuringtétn ¢ Z 18T K fE] CHIE Pl §E

Cf. SavitchODTEIE

/= AaA

= A LIZRTE M Turingtéti C ZIATUoEIE CHIE I HE

F_‘ELD\\#‘}% TE 4 Turingt¥tfk C Z 1B T\ pR1E, C HIE I EE

26
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TEZE. Turing machinelCFle < SABFEN DD

® BRA—-—bY B>
® v a1 IA - KD
@ 29V ITYvEadIA—- KR >
& JRTE%Turing machine
« 17—TJINv R

. BT B 1ODERICHHIDIEFENHNERD.
. ZAVY RIS o Bl nHT+mifT
« J38ETuring machine > 17 =T1AY RIZE0((n +m)?)
& FIERTE M Turing machine > ZAY RIZEO0(n +m)
& “+=7J)LTuring machine B [ZEN] O<KDICTDE
EDREMETM T EHZH.

& TEZEMTuring machine

Cf. CantorDFEME oo™ + 2




iy

Reduction ((Z7T, J§8) : simulate CE=dM ?
O ETErgeEDF Mm%

e Turing5t®

> 5ll: 2-stack push-down automaton

0O ZIEXMEEETEE0FM4E

« PSPACETTE

« NLZEZE

»  Cf. Savitch®D##E : NSPACE(f(n)) € SPACE(f(n)?)
O ZIEXERETEE0EF M4

« NPEZE

- PR
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IERTE M Turing machine & (XD 5

Z:E%%GDETE*%:E?)I/ / (Cf RP + NP%;':E\)
O #2328 Turing machine

o JRIE%Turing machine + random bit (0 or 1)&
> n bits£E A% (F0(n) B
> [0,1] EEELENSIERK TSR

T2 DB, Tz& X,

III

GLYE]

el
FEZXMTuring Machine T3 [1#3R1/3] ZHBEEMELLETEIEIRAO]EE

L]

o]
FEZZM Turing Machine T ld [H831/3] Z0(1)HAfFFRI CEIRA O] 88

III

COLKBLVDBEE Ciximza1ESDD.
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Turing machine

O T2k
- BEAONAEE
o mIEEE (=AV,o,T,LH0l1v0o=11A0=1)
- R, IFREOHIE (I3)
o RIRENDHZOEND EAETUNDSD: WhileX. ForX)
il
O C&ialnhC &
£ (\EIEZRN—R) OF5t8E (ZTXAERDOHONTNEN)
[ZE L UV] BAERMDETE: sin, cos, tan, exp, log, etc.
W, B (—R(ID)
—EahEEimIE ((RLETHRTRE)

> 7z & X TTErIEEN EPEHERS.
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JL

Al

A ey P v ol

EBEOSTE=S

o BFxIIH K ElogxHT
o pHTEgHTDFN(Emax{p, g} + IHTLLF
> STREBEEZENCS0)
o pHI—gMTIIFF=1AH Cmax{p, q} + 2HTELF
> STEFHEEZEN IS
o pHI&gHTDI&EIIN + miTLLF
> sTEREEEH N5
- BIEZE % (Fn + mHIILTR
> BEORT (x,y)ELTERE=ND (50
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[5T

I~~~ =3

B2 | (REM Turing machine)  mmgpamomEa)E

/ worst case time complexity’Z 189

O 5178 = = ERLEYEIREICRD)

audriddr, FEESHU, RA, B 0(#7E0)
MANES(+, —x,/) O(HTED~ O(HT#L%)
smIEim e (A VY, =) 0(1)/LER

% DR U (for, while) ($#2 DR U DEE DfEE

[J\SA—=4 ]

> BETE(EZ)R50(1)

> OIZERSMAIEE(CH£ET D

[BAES1TZV)]

> STEENFRIAINTULNG, BNITHERL

> ASOILGTEE=TIE, BEEOEEIE(IRI(CER D
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STERIZEDOMCMCE

STE=0 5 X #P [Valiant ‘79] : _
LINPICETDESE, we LICHU,

C(w) € 2*ZwDcertificateDES ET B. cf. T [2H1991]
|C(W)|7Z3KEDDBRED T S X 7Z#P &ML, P*P = pH

“ValiantETBl” (since 1979)

#PRIEE|C(w)| € RICX LT, TifEZ € RZABE
Prll—e)lcw)|<Z<A+¢e|cw)|]=1-6

TZIE B/ (poly(input, e 71, log 6 1)) TRsHSNBDH ?

Fully Polynomial-time Randomized Approximation Scheme (FPRAS)

A€ RIS LT, TlfEEZ € RZEAEE
Prlll1—-e)A<Z<(A+e)A]l=21-96

TZIE I (poly(input, € 1, log § 1)) T3k&D B 77)L T X s,
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Counting is a foundation of Combinatorics

Combinatorial
Problems
and
Exercises

by Laszl6 Lovasz

2nd edition

36



Combinatorial Problems and Exercise [Lovasz 1979]

§1. Basic Enumeration

1. In ashop there are k kinds of postcards. We want to send
postcards to n friends.

(i) How many different ways can this be done?
>
(ii)) What happens if we want to send them different cards?

>

(iii) What happens if we want to send two different cards to each of
them (but different persons may get the same card)?

>

37



Combinatorial Problems and Exercise [Lovasz 1979]

§1. Basic Enumeration

1. In ashop there are k kinds of postcards. We want to send
postcards to n friends.

(i) How many different ways can this be done?
> k™
(ii)) What happens if we want to send them different cards?

>

(iii) What happens if we want to send two different cards to each of
them (but different persons may get the same card)?

>

38



Combinatorial Problems and Exercise [Lovasz 1979]

§1. Basic Enumeration

1. In ashop there are k kinds of postcards. We want to send
postcards to n friends.

(i) How many different ways can this be done?
> k™
(ii)) What happens if we want to send them different cards?

k!

> (k—n)!

(whichis 0 if n > k)

(iii) What happens if we want to send two different cards to each of
them (but different persons may get the same card)?

>

39



Combinatorial Problems and Exercise [Lovasz 1979]

§1. Basic Enumeration

1. In ashop there are k kinds of postcards. We want to send
postcards to n friends.

(i) How many different ways can this be done?
> k™
(ii)) What happens if we want to send them different cards?

k!

> (k—n)!

(whichis 0 if n > k)

(iii) What happens if we want to send two different cards to each of
them (but different persons may get the same card)?

> (5)"

40



Combinatorial Problems and Exercise [Lovasz 1979]

§1. Basic Enumeration

2. We have k distinct post cards and want to send them all to our
n friends (a friend can get any number of post cards, including 0).

(i) How many ways can this be done?

>

(ii)) What happens if we want to send at least one card to each
friend?
>

41



Combinatorial Problems and Exercise [Lovasz 1979]

§1. Basic Enumeration

2. We have k distinct post cards and want to send them all to our
n friends (a friend can get any number of post cards, including 0).

(i) How many ways can this be done?

> nk
(ii)) What happens if we want to send at least one card to each
friend?

>

42



Combinatorial Problems and Exercise [Lovasz 1979]

§1. Basic Enumeration

2. We have k distinct post cards and want to send them all to our
n friends (a friend can get any number of post cards, including 0).

(i) How many ways can this be done?

> nk
(ii)) What happens if we want to send at least one card to each
friend?

>n!-{ﬁ}

43

Stirling number of the second kind {ﬁ} counts the number of ways to partition a

set of k elements into n nonempty subsets.
G =t

holds. [Wikipedia “Stirling number”]
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Another interesting counting problem in [Lovasz 1979]

§1. Basic Enumeration

32. How many shortest paths from s to t in the n X n grid?
>

5 X% 5 grid
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Another interesting counting problem in [Lovasz 1979]

§1. Basic Enumeration

32. How many shortest paths from s to t in the n X n grid?
2n
> ()

5 X% 5 grid
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Another interesting counting problem in [Lovasz 1979]

§1. Basic Enumeration
32. How many shortest paths from s to t in the n X n grid?
2n
> ()
33. How many shortest paths from s to t in the n X n grid upper
than diagonal?

>

5 X% 5 grid
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Another interesting counting problem in [Lovasz 1979]

§1. Basic Enumeration
32. How many shortest paths from s to t in the n X n grid?
2n
> ()
33. How many shortest paths from s to t in the n X n grid upper
than diagonal?

2 !
(") (n ) —n'(n o (Catalan number)

(s

5 X% 5 grid
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Counting is a foundation of Combinatorics

#permutations of n elements is n!

n!
(n—k)!k!
#Dyck path = #binary trees = #proper parentheses = ...

2n!
n!(n+1)!

#k combinations of n elements is (Z) =

is known as Catalan number = (27,7) — (nzfl) =

# spanning trees = Matrix tree theorem

Many known formula for counting combinatorial objects
(while some of them do not have an “explicit form”
...such as Stirling number)

... And, many more combinatorial objects

for which efficient way to count is not known.
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How to count combinations

Al BRIAEVNSULL

, YouTube, 2012/9/1023F4,
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